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Abstract. Alternation of Boolean functions is a measure of non-monotonocity
of the function. In this paper, we asymptotically characterize the VC-dimension
of family of Boolean functions parameterized by the maximum alternation

of the Boolean functions in the family. Enroute to our main result, we
show exact bounds for VC-dimension of functions which has alternation

1, which strictly contains monotone functions and hence generalizes the
bounds in [4]. As an application, we show tightness of VC-dimension
bounds for k-fold union, by explicitly constructing a family F of subsets

of {0,1}" such that k-fold union of the family, F* = {Uill Fi|Fie f}
must have VC-dimension at least £2(dk) and that this bound holds even
when the union is over disjoint sets from F. This provides a non-geometric

set system achieving this bound.

1 Introduction

Vapnik-Chervonenkis Dimension (VC-dimension) is a combinatorial measure of a
set system of subsets of a universe, developed by Vapnik and Chervonenkis in
the 1960s and has found deep applications the area of statistical learning theory,
discrete and computational geometry.

Let U be universe and F be a set of subsets of U. The family F is said to
shatter a subset S C U if for all subset S’ C S, there is a F' € F such that
SN F =S Notice that it is easy to shatter small sets, especially the empty set,
and U is not shattered unless F = P(U). The VC-dimension of F is the largest
d such that there is a set S of size d shattered by the family.

In the case when U = {0,1}", each F' € F can be interpreted as the positive
inputs of a Boolean function. That is, as the set f~1(1) = {z € {0,1}" |
f(z) = 1} of some Boolean function f : {0,1}" — {0,1}. Hence, any family
F can be equivalently interpreted as a family of Boolean functions. Under this
interpretation, the VC-dimension of a class is directly related to the complexity
of learning the Boolean functions in the class in the Probably Approximately
Correct (PAC) model [14]: where it is known to yield matching upper [3] and
lower [5] bounds for the number of samples required in order to learn the functions
from the family.

Motivated by this, there has been several works exploring tight VC dimensions
bounds various families of Boolean functions with n variables. Tight bounds
are known for VC-dimension of various subfamilies of Boolean functions such as
Boolean terms (conjunction of literals) - O(n) [10], k-Decision Lists - n* [11],
Symmetric Functions - n [5].
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An important class of functions for which a characterization is known is the
class of monotone functions [4] where the VC-dimension was established to be
exactly (n7;2) A subclass of this family - namely the monotone terms were also
studied in [10] to establish a tight linear bound for VC-dimension. A natural
question is how to generalize these bounds to non-monotone functions as well.

For z,y € {0,1}" we say * < y if Vi € [n],z; < y; where x; represents the i
bit of . Recall that a function f is said to be monotone, if Va,y € {0,1}", 2 <y
then f(z) < f(y). Consider a maximal chain of distinct inputs g, z1,22 ..., T, €
{0,1}" satisfying o = ©1 < 29 < -+ <X x,. The alternation of f (denoted by
alt(f)) is defined as max {alt(f,C) | C is a maximal chain in B,,} where alt(f,C)
is [{i | f(xiz1) # f(x;),2; € C,i € [n]}]. Indeed, for a monotone f, alt(f) =1
and for any Boolean function f, alt(f) < n. Thus, it forms a measure of how
much non-monotone the Boolean function is.

Our Results: In this paper, we initiate a study of the VC-dimension of Boolean
function families parameterized by the alternation and show the following results:
Exact VC-dimension for family of functions with alternation 1: We show that
family of functions with alternation 1 has VC-dimension exactly (n72) + 1.
Theorem 1. We also show that this family is shattering extremal as defined

by [9] and hence has some potentially useful combinatorial properties.

Tight bounds for VC-dimension for family of functions with alternation k: We
show (Theorem 2 and 3) that the family of functions F with alternation k

has VC-dimension satisfying : Z:?; (M) < VC(Fy) <0 (k: X (n72)) For

k < /n the upper and lower bounds is asymptotically of the same order and
hence the bound is tight in general.

Application to VC-dimension of disjoint union of families: If a family F is of
VC-dimension < d, how large can the VC-dimension of the k-fold union
family, defined as, F* = {UF_, A; | A; € Vi, A; € F} be? Blumer et al [2] and
Haussler and Welzl [7] showed that the VC-dimension is at most O(dklogk).
This bound was shown to be tight by Eisentat and Angluin [6] who shows
existence of a geometric family with VC-dimension at most d and the k-fold
union has VC-dimension at least 2(dklogk). The family constructed were
point sets in a plane.Using our methods, we construct a family of Boolean
functions such that k-fold union has VC-dimension at least £2(dk) even when
the unions in the k-fold union are restricted to k-fold disjoint union.

2 VC-dimension bounds for functions with alternation 1

As a warm up towards later sections, in this section, we describe VC-dimension
bounds and extremal properties of a family of functions related to alternation and
monotonicity. As mentioned in the introduction, [4] computes the VC-dimension
of family of monotone functions (denoted by M) as : VC(M) = (n%)

A function f:{0,1}™ — {0,1} is said to be k-slice function if f(x) = 0 if for
every z € {0,1}", Y0 | @ < kand 1if 31" | x; > k. Define M* to be the family
of all slice-functions. We compute the VC-dimension(M*) (see App. A.1).
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Proposition 1. VC(M*) = (n7/L2>

Now consider the family of functions where each function has alternation at
most 1. F; = {f | either f or —=f is monotone}. We compute the VC-dimension
of this family exactly.

Theorem 1. VC(F;) = (LH%J) +1

Proof. Lower Bound: We show the lower bound by shattering a set S C U of
cardinality (U:;?J) +1. S={z€{0,1}" | >, z; = [n/2]} U {w} where w is
any arbitrary point in {0,1}" such that >, #; < n/2. Let S’ C S. We need to
give an ' € F such that FF'N S =.5". We consider the following cases:

Case 1: &' = {z € {0,1}" | > | ; = n/2}. F such that FN S =5 is given
by the characteristic function f =V _cq A, _; 7

Case 2: 5" = X U {w} where Vo € X,>""" | z; =n/2. F such that FN S =5’
is given by the characteristic function f = A, .q V. _, Ti. Observe that
negation of this function is monotone.

Upper Bound: Suppose F; shatters a set S such that |S| > (732) + 2. We first
obtain certain properties that S cannot have through the following lemma.

Lemma 1. F; cannot shatter a set S if it has either of the properties.

1. Parallel Chain : When there are elements p,p’,q,q € S such that all of
them are distinct and p <p' and ¢ < ¢'.

2. Triplet Chain : If p,q,7 € S such that p = q < r then it is said to form a
triplet chain.

Proof. For parallel chain, without loss of generality let us suppose that p < p’
and ¢ < ¢’. Suppose S’ = {p’, ¢}. Now any monotonically increasing function will
obtain the set {p’, ¢, ¢’} and any monotonically decreasing function will obtain
the set {p,p’, ¢} but never {p’, ¢} alone. Hence it cannot be shattered.

For triplet chain, suppose p,q,r € S such that p < ¢ < r. Consider the set
S’ = {p,r}. We observe that there does not exist a function f € F; such that it
is true on p and r and evaluates to false on ¢q. Hence S cannot be shattered.

Now we claim that set S which is shattered must be a disjoint unions of at most
2 maximal antichains. To see this, suppose S = 51 W .Sy W S3 such that the sets
are maximal antichain. Without loss of generality, consider an element p € ;.
Now there exists a point ¢ € Sy such that p and ¢ are comparable(otherwise they
will be in the same set). Now if this is the case then neither p nor ¢ can be related
to any point in S3 as it will either form a chain length of 3 i.e. p < ¢ < r(triplet
chain) or parallel chains because of which the set S cannot be shattered(see
Lemma 1). Now if p and ¢ are not comparable then we can have a larger antichain
by including either p or ¢ in the set S3 which contradicts the maximality of
antichain set S3. The same argument can be given for each of the sets. Hence set
S can be disjoint union of at most 2 maximal antichains.
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Hence we conclude that there must be S = S7 W .Sy where Sy, S5 are maximal
antichains i.e. no elements from S; can be put into S; and vice versa. Using
Lemma 1 again, we have that S; and S; does not have either parallel chain
or triplet chain. But that contradicts the maximality of S7; and S5. Consider
p',q € Sy. Then dp € S; such that p < p’ and p < ¢’. But we can obtain a larger
antichain by including p’, ¢’ into S;. Thus contradicting the maximality.

We now show that M and F; family exhibit a special property (Proposition 2)
which is also known as s-extremal or shattering extremal family. Following is
proved in Appendix A.2.

Proposition 2. The families M and Fi are shattering extremal.

3 Bounds for VC-dimension in terms of alt(f)

In this section, we derive VC-dimension bounds for families of Boolean functions,
parameterized by the maximum alternation of functios in the family. We need
the following known theorem.

Lemma 2 (Characterization of Alternation [2]). Let f:{0,1}" — {0,1}
. Then there exists k = alt(f) monotone functions g1, ..., gx each from {0,1}™ to
{0,1} such that f(x) = &_1g: if £(0") =0 and f(z) = &, gi if f(O") = 1.

We use this theorem to establish the following upper bound:

Theorem 2. Let k > 1. If Fy, is the family of Boolean functions f such that
alt(f) < k. Then, VC(Fy) < O (k(,},))

Proof. We apply Lemma 2 to conclude that Fj can be equivalently written as
Fe={(-® or )@k, f; | f; € M} where M is the family of Monotone Boolean
functions. We look at a family G = {f glf=0r fi,fiecM,g= const}
where g(z) = 1 if f(0") =1 and g(z) = 0 if f(0™) = 0. Observe that F, C G
and hence VC(F) < VC(G). We turn to the following lemma to show an upper
bound in general for such constructed families. Given k classes of n-bit Boolean
functions Fi, Fa ..., Fi, and a fixed Boolean function f : {0,1}* — {0,1}. We
define

F(F1, Foyoo s Fiu) ={f(f1()s oy [k (D)) | fi € Fiyi € [K]}. We have,

Lemma 3 ([3,7,12]). Letd = max;¢cx(VC(F;)). VC(F(F1, ..., Fr)) < O(dklogk)

Applying this lemma we obtain for the above family VC(F;) < O (k‘ (n%) log k).

We show below how to improve the bound. The idea is simple counting : we have
IG| < [IM[*F1. We know that VC(G) < log(|G|), which gives us VC(G) < (k +
1)log(M). This bound is the Dedekind’s number and we use the following bound

due to Kleitman et al. (refer [8]) : log(M) < (;}2) (1 —|—O(1°%)>. This gives,
VC(F) < (k+1)(,) (1 4O (1ogn)) Hence, we have VC(Fy) < O(k(,},))-

n/2 n
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Now we turn to the lower bound. Using the fact that for any k > 1, the family
Fi. also includes the set of monotone functions M, the VC-dimension(Fy) >
VC-dimension(M). Hence VC-dimension(Fj) > (n7/12) We can improve this:

Theorem 3. Let k > 1. If Fy, is the family of Boolean functions f such that
alt(f) < k. Then, VC(F) = S0/ 00% 5 ()
Proof. We shatter the set S = {z € {0,1}" |n/2 —k/2<>"  x; <n/2+k}.
To obtain any S” C S, we give f € Fj, as f(x) = 1 whenever x € S’ and f(z) =0
otherwise. It remains to show that alt(f) < k. Since the number of 1s in © € S’
can only be in the range [n/2 — k/2,n/2 + k/2], any chain in this part will have
alternation at most k£ and in the remaining part 0. Hence we obtain all S’ C S.

VC-dimension of Read-once functions: A Boolean function is said to be
read-once if there is a Formula (a Boolean circuit where every gate has fanout
at most 1) computing the function f such that every variable appears only
once in the formula. Monotone read-once functions have no negations in the
formula computing the function. The following lemma motivates the study of
VC-dimension under composition between read-once functions and functions with
alternation at most 1. We prove (see sec.A.3).

Lemma 4. Let f:{0,1}" — {0,1} such that alt(f) < k. Then f = g(f1, fo,-- -, fx)
where g is a monotone-Read Once formula and f; € Fy where F; is the family of
functions with alternation at most 1.

This gives us a motivation to study VC-dimension of monotone read-once functions
which could potentially be applied to improve the bound of alt-k family. Let
R={f:{0,1}" — {0,1} | f is monotone read-once}. We prove the following in
the Appendix A.4.

Proposition 3. n < VC(R) < O(nlogn)
4 Application to VC-dimension of k-fold Union

In this section we show VC-dimension bound for a non-geometric family which is
a k-union. We also remark in the end that even if we restrict our family to have
only disjoint union of k£ functions, we obtain a VC-dimension bound of 2(dk).

Lemma 5. Let For, = {f : {0,1}" — {0,1} | alt(f) < 2k}. Then this family is
same' as G = {Ule gi | gi : {0,1}™ — {0,1},alt(g;) < 2}

Proof. Let f € Far. Due to alternation characterization described in Lemma 2
2k k

we have, f = @;-, fi = D,_1(— faim1 A fai) V (f2i—1 A= fai). It can be observed

from the construction of [2], that f; — fi+1. Now using this fact we obtain

f= \/le(—' faic1 A for) = \/f:1 g; such that alt(g;) < 2. In fact something
stronger is true - we argue that f is the disjoint union of k sets. See Appendix A.6.

! Under the interpretation of the sets in the system as f~*(1) for Boolean functions, V
and U are used interchangably.
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Now we need to argue the reverse direction. We have a Boolean function
g:{0,1}" — {0,1}, g = \/ g; where g; : {0,1}" — {0,1} and alt(g;) < 2. We
need to show that alt(g) < 2k. We use the property (see Appendix A.5) that
alt(g1 V g2) < alt(g1) + alt(gz) iteratively to conclude that alt(g) < 2k.

Theorem 4. Let Fo = {f : {0,1}" — {0,1} | alt(f) < 2}. Consider the family

FRU = {Ui; fil fi e fg}. For k < ©(y/n), we have VC(F™) = O(k(,1,)).

Proof. From Lemma 5, we have that the family F* can alternately be represented
as parity-composition of a family of monotone Boolean functions. So F* = Fy.
We conclude using Theorem 2 that VC(F*V) < O(k(n%)) From Theorem 3 we
have: VC(F*) > Z?:/i-;zlik (). Now we use the following bounds due to [13]
Z:L:/?/';k M = (7;;2) + 22?21 (n/g+i). When i is o(n?/?), each summand in
the second term is equal to (n72)e n2 +0(*n™%)  Hence for i < ¢y/n, we obtain

(n/gﬂ,) = (n%), ¢1 > 0. Hence we obtain the lower bound as 2(k (n%))

2
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A Appendix

A.1 Proof of Proposition 1

Proof. To show the lower bound, we demonstrate how to shatter the following
set : § = {z €{0,1}" | Y, z; = n/2} where z; represents i*" bit of x and
|S| = (n%) VS C S, F such that F NS = S’ is given by the characteristic
function f =\, cg A, _; zi- Observe that f is F-slice function. To show the
upper bound, observe that every slice function is a monotone function and hence

slice family is a subset of monotone family. Hence VC(M*) < VC(M) < (n7}2)

A.2 Proof of Proposition 2

Proof. For a family F, Sh(F) denotes the set of shattered sets. Then,

Proposition 4. |Sh(M)| = |M]|.

Proof. For monotone family, we can only shatter sets which forms an antichain
and there is one to one correspondence between an antichain and a monotone
Boolean function(see [8]). Hence all the shattered sets must be an antichain.
Let us suppose f : {0,1}" — {0,1} be a monotone Boolean function and
A C {0,1}" be the antichain corresponding to f. Here is a way to obtain A.
First obtain minimal monotone-DN F' formula for f. Each term in the formula
will correspond to an element in A. For each positive literal appearing in the
term, corresponding bit will be set to 1 and rest as 0. Observe that, in this
construction if the A is not an antichain then the monotone-DN F' formula is
not minimal. To see the construction, for a term x; A o the w € A will be
110...0. Lets argue that this is a one-one relation. Suppose f; # f; then
their minimal monotone-DN F' formula will differ in, at least 1 term and hence
their corresponding antichain A;, A; will also differ. Using a similar reverse
construction, we can have a monotone-DN F' for a monotone Boolean function
for each antichain.

Proposition 5. Let 71 = {f : {0,1}" — {0,1} | alt(f) < 1}. Then |F1| = |Sh(F1)|.

Proof. Observe that |Fy| = 2| M|, where | M| is size of monotone family. Also
observe that F; shatters all the antichains of the Boolean hypercube. We also
note that this family shatters another kind of set shown in Theorem 1 i.e. an
antichain union with one extra element which has neighbours in the antichain
(S U{a} where S is an antichain). Hence we obtain some more shattered sets by
combining each antichain with one comparable element. Thus shattering | M|
more sets. These are the only sets which can be shattered by this family. Hence
this family is s-extremal.
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A.3 Proof of Lemma 4

Proof. Let f : {0,1}™ — {0,1} such that alt(f) < k. Due to the alternation
characterization in Lemma 2, we have [ = @i;l fi = @52/21(—\ faic1 A fai) V
(f2i—1 A = f2;). It can be observed from the construction in [2] that f; — fiy1.

Now using this fact we obtain f = \/fﬁ(ﬂ faici A foi) if k is even and f =

k-1
T NN 2L (F2im1 V2 fe;) i k is odd. Observe that in the formula each f; appears
only once and no negation in the formula is involved. Since f;’s are monotone,
hence f;, = f; € Fi.

A.4 Proof of Proposition 3

Proof. To see the lower bound a subclass of this family was studied in [10] known
as Monotone monomial whose VC-dimension is n. To see the upper bound we
will count all possible monotone read-once formulas on n-variables.

Claim. |R| =n!(*")

Proof. A formula is rooted binary tree such that all the internal nodes are A,V
or—1. The number of full binary trees with n + 1 labeled leaves is [}, (2 — 1) [1].
But in our case we also have to consider the two choices {A, V} for each internal
nodes. Hence we get |[R| = 2. [}, (2i — 1) which gives |R| = n!(*").

Using the above claim we obtain, VC(R) < log|R| = O(nlogn).

A.5 Alternation under Disjunction

Proof. Claim. Let g1 : {0,1}™ — {0,1} and g5 : {0,1}™ — {0, 1} with alt(g;) =
k1 and aIt(gg) = ko. Then alt(91 V gg) < k1 + ko.

Proof. Suppose on the Boolean hypercube, z,y € {0,1}", 2 <y and they differ
exactly at one bit. Then we will say (z,y) forms an edge. Now we say (z,y) is
monochromatic when function f(z) = f(y) and bichromatic when f(x) # f(y).
Clearly for any function f : {0,1}" — {0,1} with alt(f) < k, there is at most
k-bichromatic edges on any chain and vice versa. Now we count the number
of bichromatic edges on any chain of g1 V go. Suppose on some chain in g1,
there is a monochromatic edge with g;(x) = g1(y) = 1 then this edge will stay
monochromatic even after OR with g. But if the edge (x,y) is monochromatic
and g1(z) = g1(y) = 0 then they can become bichromatic if they are O Red with
a bichromatic edge. Hence the number of bichromatic edges on any chain of
g1V g2 can at most be increased by number of bichromatic edges on any chain in
g2 Hence alt(g1 V g2) < k1 + ko.
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A.6 Disjointness of the Decomposition

We now show how the Fyj, family is also a k-disjoint union of alt-2 family.

Claim. Let f :{0,1}" — {0,1} and alt(f) < 2k. Then f = w¥_ g, i.e. disjoint
union of k sets.

PT‘OOf. From Lemma 4 we have, f = \/f:1 (—| f2i—1 /\f2i>. Let gi = (_‘ f2i—1 /\fgi).
We will show that g; and g are disjoint which will be applicable for all 4, j € [k].
Suppose for z € {0,1}", g1(z) = 1 = fi(z) = 0, fo(x) = 1. To show a contra-
diction, suppose go(x) =1 = f5(z) =0, f4(x) = 1. We also have f; — fi;1. We
obtained fa(x) =1 but f5(x) = 0 which contradicts f; — f;11. Hence g; and go
are disjoint. The same argument holds for any g; and g;, 7 # j.
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