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ABSTRACT

KEYWORDS: VC Dimension, Boolean Functions, Extremal Sets, k-union, Alter-

nation, Certificate Complexity

We study Vapnik-Chervonenkis (VC) dimension of families of Boolean functions, and

also for a Single Boolean function. Vapnik-Chervonenkis Dimension (VC-dimension) is

a combinatorial measure of a set system of subsets of a universe, developed by Vapnik

and Chervonenkis during 1960-1990 and has found deep applications in the area of

statistical learning theory, discrete, and computational geometry. Let U be the universe

and F be a set of subsets of U . The family F is said to shatter an S subset of U if for all

subset S ′ ⊆ S, there is an F ∈ F such that S ∩ F = S ′. VC-dimension of a family is

the size of the largest set shattered by the family. VC-dimension bounds of families give

a general lower and upper bound on sample complexity to learn the concepts from the

hypothesis class in the Probability Approximately Correct (PAC) model.

VC-dimension of Monotone family is already known to be
(
n
n/2

)
due to Procaccia

and Rosenschein (2006). Thus it is natural to study the family of non-monotone Boolean

functions. Alternation of a Boolean function is a measure of non-monotonicity and we

parameterize a family of Boolean functions with maximum alternation k and prove

asymptotically matching lower and upper bound of VC-dimension for the family. For

a special case of k = 1, the family contains Monotone functions and its negation for

which we give exact bounds of VC-dimension . As an application, we show tightness of

VC-dimension bounds for k-fold union, by explicitly constructing a family F of subsets

of {0, 1}n such that k-fold union of the family, Fk∪ =
{⋃k

i=1 Fi | Fi ∈ F
}

must have

VC-dimension at least Ω(dk) and that this bound holds even when the union is over

disjoint sets from F . This provides a non-geometric set system achieving this bound. In

addition we also show shattering extremal properties of the Monotone family.

On the characteristic vectors variant of VC-dimension of a Boolean function, we

compute VC-dimension bounds for functions such as AND, OR, Threshold, Parity,

Majority, Monotone, and Symmetric. We also gave a characterization to put this problem

iv



into Σp
3 and showed that the problem is NP-hard. As the relation between various

complexity measures of a Boolean function is central research of interest, we show a

connection of VC-dimension with certificate complexity and thus establishing a relation

with other measures. We show that VC(f) + C(f) ≥ n for any Boolean function f .
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CHAPTER 1

Introduction

Computational Complexity Theory is a subfield of Theoretical Computer Science that

aims toward classifying problems according to their difficulty or inherent complexity.

There are several models of computation such as Turing Model, Post systems, µ-recursive

functions, λ-calculus, and combinatory logic which have their own power and limitations

but computationally equivalent. The complexity used for classifying may depend on

models being used such as time and space complexity for one, or randomness, alternation,

circuit size for another model. One of the most general models of computation is the

Turing machine model and the complexity measures attached with the model are Time

and Space. Considering time as a resource, problems can be classified on the amount

of time (relative to the input size) taken to find a solution to the problem. Similarly,

problems can be classified on the amount of space being used to solve the problem. A

language L is a set of strings (L ⊆ Σ∗ where Σ is set of symbols and Σ∗ denotes set

of all finite strings over Σ). Any computational problem can be formally thought of

as a language. A Turing Machine is said to solve the problem if and only if it accepts

the language L corresponding to the problem. We can encode a problem into a set of

strings by representing various objects and operations as strings of some fixed alphabet

Σ. For any language L, let us define Ln, n ≥ 0 as L ∩ Σn i.e. all strings of length

n. There is a natural way to associate a family of Boolean functions for a language

L ⊆ Σ∗. The family of Boolean functions are the characteristic function {1Ln} where

1Ln(x) = 1 ⇐⇒ x ∈ Ln.

Another model of computation based on the above discussion is Boolean circuit

model. A Boolean circuit is a directed acyclic graph where nodes are called gates

(AND, OR, NOT) and leaves (in-degree= 0) are variables. For any Boolean function

f : {0, 1}n → {0, 1}, there exists a Boolean circuit that computes the function. Strong

lower bounds were developed in the early 80s for this model which turned out to be

a promising approach towards central questions in Theoretical Computer Science. A

circuit family C = {Ci}i∈N is an infinite set of circuits such that Ci has i input gates.

A circuit family defines a function f : {0, 1}∗ → {0, 1} in the most natural way as



f(x) = C|x|(x). The size and depth of a circuit family is measured as a function of

number of input gates denoted as SIZE(C) and DEPTH(C). The total number of

gates in the circuit is the size of the Boolean circuit and length of the longest path

from the leaves to the root is called the depth of the circuit. The following complexity

classes can be defined based on these two measures. A language L is said to be in

SIZE(t) iff there exists a circuit family C = {Ci} such that SIZE(Ci) = O(t(i)). A

language L is said to be in DEPTH(t) iff there exists a circuit family C = {Ci} such

that DEPTH(Ci) = O(t(i)).

There are several well-studied measures of complexity of a Boolean function such

as degree, sensitivity, block-sensitivity, certificate complexity etc. Sensitivity and block

sensitivity were first studied by Cook et al. (1986) for certain parallel RAM algorithms

but later it was found to be related to many other parameters such as degree, certificate

complexity. One major research direction has been to understand the relation between all

these measures. These measures can also be used to separate Boolean circuit classes. To

show that a Boolean function family {fn}n≥1 cannot be computed by a certain class of

Boolean circuits, one needs to identify a complexity measure on Boolean functions such

that the measure of the function fn is very different from the measure on every function

computable by the class of circuits.

1.1 VC-dimension and PAC Learnability

Vapnik-Chervonenkis Dimension (VC-dimension) is a combinatorial measure of a set

system of subsets of a universe, developed by Vapnik and Chervonenkis during 1960-

1990 (Vapnik and Chervonenkis (1971)) and has found deep applications in the area of

statistical learning theory, discrete and computational geometry. Let U be universe and

F be a set of subsets of U . The family F is said to shatter a subset S ⊆ U if for all

subset S ′ ⊆ S, there is an F ∈ F such that S ∩F = S ′. VC-dimension is the size of the

largest set shattered by the family.

In the case when U = {0, 1}n, each F ∈ F can be interpreted as the positive inputs

of a Boolean function. That is, as the set f−1(1) = {x ∈ {0, 1}n | f(x) = 1} of

some Boolean function f : {0, 1}n → {0, 1}. Hence, any family F can be equivalently

interpreted as a family of Boolean functions. Under this interpretation, the VC-dimension
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of a family is directly related to the complexity of learning the Boolean functions in

the family in the Probably Approximately Correct (PAC) model by Valiant (1984).

This connection is known to yield matching upper (Blumer et al. (1989)) and lower

(Ehrenfeucht et al. (1989) ) bounds for the number of samples required to learn the

functions from the family. Motivated by this, there have been several works exploring

tight VC dimensions bounds for various families of Boolean functions with n variables.

Tight bounds are known for VC-dimension of various subfamilies of Boolean functions

such as Boolean terms (conjunction of literals) - n (Natschläger and Schmitt (1996)),

k-Decision Lists - nk (Rivest (1987)), Symmetric Functions - n+ 1 (Ehrenfeucht et al.

(1989)).

An important class of functions for which a characterization is known is the class of

monotone functions (Procaccia and Rosenschein (2006)) where the VC-dimension was

established to be exactly
(
n
n/2

)
. A subclass of this family - namely the monotone terms

was also studied in Natschläger and Schmitt (1996) to establish a tight linear bound for

VC-dimension.

There are several other applications of VC-dimension apart from sample complexity

bounds of learning algorithms. Koiran (1996) uses VC-dimension to show a Ω(n
1
4 )

lower bound on size of sigmoidal circuit computing a specific function in AC0
2 . Kremer

et al. (1995) gives a lower bound on One-Way Randomized Communication Complexity

of function using VC-dimension of the function. In another work, Klauck (2000) showed

that one-way quantum communication complexity of a function f is lower bounded

by VC-dimension of f . Bhattacharya et al. (2020) shows a new lower bound for

communication complexity of the Disjointness problem using VC-dimension . Thus

exposure of VC-dimension is not limited to sample complexity bounds. The problem

of computing VC-dimension of a family is a computationally difficult problem and

showed to be a Σp
3-complete problem (Schafer (1996)). In this thesis, we also study

VC-dimension of a Boolean function as a Boolean function complexity measure and try

to establish a connection with other Boolean function measures.

3



1.2 Thesis Contribution

Due to the connection of VC-dimension and sample complexity lower bounds, we take

the work further to compute VC-dimension bounds for family of non-monotone Boolean

functions. We study VC-dimension of Boolean function families parameterized by the

alternation and show the following results:

Exact VC-dimension for family of functions with alternation 1: We show that

family of functions with alternation 1 has VC-dimension exactly
(
n
n/2

)
+ 1. (The-

orem 4.1.4).

Tight bounds for VC-dimension for family of functions with alternation k: We

show (Theorem 4.2.4 and 4.2.5) that the family of functions F with alternation

k has VC-dimension satisfying :
∑n+k

2

i=n−k
2

(
n
i

)
≤ VC(Fk) ≤ O

(
k ×

(
n
n/2

))
. For

k ≤
√
n the upper and lower bounds are asymptotically of the same order and

hence the bound is tight in general.

Application to VC-dimension of disjoint union of families: If a family F is of

VC-dimension ≤ d, how large can the VC-dimension of the k-fold union family,

defined as, Fk = {∪ki=1Ai | Ai ∈ ∀i, Ai ∈ F} be? Blumer et al Blais et al. (2015)

and Haussler and Welzl Haussler and Welzl (1987) showed that the VC-dimension

is at most O(dk log k). This bound was shown to be tight by Eisenstat and

Angluin (2007) who shows existence of a geometric family with VC-dimension at

most d and the k-fold union has VC-dimension at least Ω(dk log k). The family

constructed were point sets in a plane. Using our methods, we construct a family

of Boolean functions such that k-fold union has VC-dimension at least Ω(dk) (

Theorem 4.3.4) even when the unions in the k-fold union are restricted to k-fold

disjoint union.

s-extremal Families: Let Sh(F) be set of sets shattered by family F . For an s-

extremal family, |Sh(F)| = |F|. We show that family of Monotone Boolean

functions is s-extremal ( Proposition 4.4.1). We also demonstrated a function g

such that upon removing from the family of Monotone Boolean functions, resultant

family is still s-extremal. Thus showing that Meszaros-Ronyai Conjecture holds

true for family of Monotone Boolean functions ( Proposition 4.4.4).

4



Subspace VC Dimension or SVC: We study Subspace VC-dimension motivated due

to a possible role in separating the classes AC0 and CC0. We first observe that for

any family F , SVC(F) ≤ VC(F). We computed SVC of Monotone, Family of

Parity, Symmetric Boolean families.

We study VC-dimension of a single Boolean function, determine the hardness of compu-

tation, and establish few connections with other Boolean function complexity measures.

VC-dimension of Boolean function We compute VC-dimension of Boolean functions

such as Parity, Majority, Threshold(Thnk ), Monotone, k-slice, Symmetric function.

Complexity of Computing On the Complexity of Computing VC(f), we proved that

this problem is NP-hard ( Proposition 5.3.3) and gave a characterization which

puts the problem into Σp
3 ( Proposition 5.3.2).

Relation with other complexity measures We gave a relation between certificate

complexity and VC(f) which establishes path with other complexity measures of

a Boolean function ( Proposition 5.2.4).

A part of these results appeared in Roy and Sarma (2021).

1.3 Thesis Outline

In this chapter, we gave a brief introduction to the problem and the area. The rest of

the thesis is organized as follows: We explain the background and preliminaries needed

in Chapter 2. In Chapter 3, we give a broad view of the problems in Computational

Complexity, known VC-dimension bounds of families and recent application of VC-

dimension . In Chapter 4 and 5, we discuss the main contribution of the thesis in detail

and provide full proofs of all technical statements. Finally, we conclude the thesis in

Chapter 6 with directions for future work.
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CHAPTER 2

Preliminaries

In this chapter, we define all the variants of VC-dimension . We will also see, all the

complexity measure associated with a Boolean function which has appeared in the thesis.

We use the notation [n] = {1, 2, . . . , n}. For any set U , 2U denotes the power set

of U . All log are to the base 2 unless stated otherwise. In this thesis, whenever we

talk about family of Boolean functions, our universe is U = {0, 1}n. When the family

is a single Boolean function, our universe is U = {1, 2, . . . , n}. Let x ∈ {0, 1}n then

xi denotes the ith bit of x. For any x ∈ {0, 1}n, x⊕i denotes the ith bit flipped i.e. 0

becomes 1 and vice-versa. For x, y ∈ {0, 1}n, x⊕ y denotes bit-wise XOR-operation

of x, y and same holds for other Boolean operators. Weight of the input x is defined as

number of 1’s in the input x and denoted by wt(x) . We use traditional notation for set

operations: ∪ for union, ∩ for intersection and4 for symmetric difference of two sets.

In this thesis, we refer to family and concept class interchangeably.

2.1 Vapnik-Chervonenkis Dimension

In this section, we define all the variants of VC-dimension . Let U be a universe and

F be a set of subsets of U . The family F is said to shatter a subset S ⊆ U if for all

subset S ′ ⊆ S, there is an F ∈ F such that S ∩ F = S ′. Notice that it is easy to shatter

small sets, especially the empty set, and U is not shattered unless F = P(U). The

VC-dimension of F is said to be the largest d such that there is a set S of size d shattered

by the family.

Definition 2.1.1 (VC-dimension of a Boolean function family). Let F be a collection

of Boolean functions f : {0, 1}n → {0, 1}. Interpret each f ∈ F as a set of strings

{x ∈ {0, 1}n | f(x) = 1}. Thus, F can also be interpreted as a set of subsets of

U = {0, 1}n. The VC-dimension of the family of Boolean functions is defined to be the

size of the largest set S ⊆ U shattered by the family F .



Definition 2.1.2 (VC-dimension of a Boolean function). Let U = {1, 2, . . . n}. For a

subset F ⊆ U , denote xF ∈ {0, 1}n as the n-bit string for which ith bit is 1 if i ∈ F and

0 otherwise. For a Boolean function f : {0, 1}n → {0, 1}, associate a set of subsets:

F = {F ⊆ U | f(xF ) = 1}

The VC-dimension of a Boolean function f , denoted by VC(f), is the size of the largest

set S ⊆ [n] shattered by the family. Observe that F ⊆ 2[n].

For clarity, we consider the following Boolean function. Consider f(x1, x2, x3) =

(x1 ∧ x2) ∨ (x2 ∧ x3) ∨ (x3 ∧ x1). Suppose the universe to be U = {1, 2, 3}. As per the

above definition,

F = {{1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}

For this example, the VC-dimension is 1 since we can shatter the sets {1}, {2} , {3}, and

we cannot shatter any set greater than size 1.

For a given circuit C which computes a Boolean function f : {0, 1}n → {0, 1},

VC-dimension can also be defined as given below. This was studied by Schafer (1996).

Definition 2.1.3 (Schafer (1996)). Let f be a Boolean function from {0, 1}m → {0, 1}.

Let m = n + ` and U = {0, 1}n. The family F is of size 2` and is indexed by {0, 1}`.

Formally,

F = {Fw| w ∈ {0, 1}`} where Fw = {x ∈ {0, 1}n | f(wx) = 1}

where wx denotes concatenation of two strings w and x. VC-dimension of a Boolean

function f is the size of the largest set S ⊆ U shattered by the family F .

We define now another variant called Subspace VC-dimension where we restrict our

shattered set to be a subspace. Before that, we define subspace and related definitions.

Definition 2.1.4 (Subspace). A subset U ⊆ Fn2
1 is a subspace if and only if U satisfies

the following three conditions.

• 0n ∈ U

• v, w ∈ U ⇒ v + w ∈ U
1F2 denotes the field {0, 1}, and addition, multiplication is defined over modulo 2.

7



• λ ∈ {0, 1}, u ∈ U ⇒ λu ∈ U

Definition 2.1.5 (Basis). Let {e1, e2, . . . ed} be a set of vectors from {0, 1}n. They are

said to be basis vectors of a subspace U if and only if all ei are linearly independent, and

∀v ∈ U can be written as v =
∑d

i=1 λiei where λi ∈ F2, and 1 ≤ i ≤ d .

There can be many sets of basis vectors, and any two sets of basis vectors have the

same size. The size of a set of basis vectors is known as dimension of the subspace U .

Definition 2.1.6 (Subspace VC-dimension). Fix U = {0, 1}n to be the universe and F

is set of subsets of U . For a subspace S ⊆ {0, 1}n, we say S is subspace-shattered by

family F if for all subspaces S ′ of S, ∃f ∈ F such that f ∩ S = S ′. The dimension

of the largest possible shattered subspace is called the subspace VC-dimension of the

family F .

We now define a different notion of shattering called strong shattering.

Definition 2.1.7 (Strongly Shattered sets). A set S is said to be strongly shattered by the

family F if the subsets of S are appearing in F with a common set of elements B. That

is, there is a B ⊆ U \ S, such that ∀S ′ ⊆ S, B ∪ S ′ ∈ F . The largest strongly shattered

set is denoted by VCs(F).

We immediately observe that VC(F) ≥ VCs(F).

Definition 2.1.8 (Shifting/Compressing a Family F ). Let F be a family of sets over a

ground set U . We say that a set F ∈ F is shifted by an element x ∈ U to obtain another

set Fx, where Fx is obtained as follows.

Fx =

F , if F \ {x} ∈ F

F \ {x} , otherwise

We denote the shifted family as Fx,

Fx = {Fx | F ∈ F} .

Notice that, by definition |F| = |Fx|. In fact, Fx and F shatter the same set. We

show this in Proposition 3.3.9.

8



PAC Learning Probably Approximately Correct (PAC) model of learning is a learning

model, introduced by Valiant (1984), which is characterized by learning from examples.

Consider a universe U and a probability distribution D defined on U . A concept is

a subset C ⊆ U . All the elements in C is said to have positive classification and all

elements in U \ C is said to have negative classification. Equivalently, a classification

can be treated as a function c(x) that is 1 if x ∈ C and 0 otherwise. A concept class C is

set of all possible classifications defined by the problem. Equivalently , C ⊆ 2U . The

learning algorithm calls a function ORACLE that produces a pair (x, c(x)), where x

is chosen according to the distribution D and c(x) = 1 if x ∈ C and 0 otherwise. We

denote ORACLE(C,D) to specify the concept and distribution under consideration.

The concept class C is said to be PAC learnable if there is an algorithm A, with access to

a function ORACLE(C,D), that satisfies the following properties:

1. For every concept C ∈ C, every distribution D on U , and every 0 < ε, δ ≤ 1/2,
the number of calls made by the algorithm A to the function ORACLE(C,D) is
polynomial in 1

ε
and 1

δ
.

2. The algorithm outputs a hypothesis h with probability at least 1 − δ such that
PrD[h(x) 6= c(x)] ≤ ε.

2.2 Boolean Functions and their Complexity Measures

A set U = {0, 1}n is a set of all possible n-bit strings of {0, 1}. A Boolean function

f(x1, x2, . . . , xn) of n variables is a mapping f : {0, 1}n → {0, 1}. An n-dimensional

Boolean Hypercube denoted as Bn is a graph on 2n vertices, each labeled with an n-bit

Boolean string. Two vertices are connected, if and only if they differ exactly at one

position. For x, y ∈ {0, 1}n we say x ≺ y if ∀i ∈ [n], xi ≤ yi where xi represents ith

position bit value of x. Let x0, x1, . . . xn ∈ {0, 1}n be n+ 1 distinct elements such that

0n = x0 ≺ x1 ≺ . . . ≺ xn = 1n. Then x0, x1, . . . xn ∈ {0, 1}n is said to form a chain on

the Boolean hypercube Bn. Suppose x, y ∈ {0, 1}n. Then x and y are said to be related

if x ≺ y or y ≺ x. If neither holds then x and y are said to be incomparable elements. A

set S ⊆ {0, 1}n is called an antichain if all the elements in S are incomparable to each

other. For example, S = {100, 001, 010} is an antichain of size 3.

A Boolean function f : {0, 1}n → {0, 1} is said to be monotone if and only if

∀x, y ∈ {0, 1}n, x ≺ y ⇒ f(x) ≤ f(y). We now formally define alternation of a

9



Boolean function , which is a measure of non-monotonicity of the Boolean function.

Definition 2.2.1 (Alternation). Let f : {0, 1}n → {0, 1} be a Boolean function. Con-

sider the chain C, 0n = x0 ≺ x1 ≺ . . . ≺ xn = 1n on the Boolean hypercube.

Alternation on chain C for function f is denoted as alt(f, C).

alt(f, C) = |{i | f(xi−1) 6= f(xi), xi ∈ C, i ∈ [n]}|

Alternation of function is denoted as alt(f) and is equal to maximum alternation over all

the chains in the Boolean hypercube.

alt(f) = max
C
{alt(f, C)}

Observe that alternation of non-constant monotone Boolean functions is indeed 1.

An alt-1 family is a family of Boolean functions whose alternation is at most 1. This

family has monotone functions and negation of monotone functions.

For any Boolean function f : {0, 1}n → {0, 1}, there exists a unique n-variate multi-

linear polynomial P (x1, x2, . . . , xn) over R[x1, x2, . . . , xn] such that ∀x ∈ {0, 1}n, P (x) =

f(x).

Definition 2.2.2 (Degree). The degree of a Boolean function f , denoted as deg(f) is

the degree of unique multilinear polynomial P (x1, x2, . . . , xn) ∈ R[x1, x2, . . . , xn] such

that ∀x ∈ {0, 1}n, P (x) = f(x).

If the polynomial is over Zk[x1, x2, . . . , xn] for an integer k > 1, then we obtain

Zk-degree of f denoted as degk(f).

Definition 2.2.3 (Certificate Complexity). A certificate c of f on input x is defined

as a partial assignment c : P → {0, 1}, where P ⊆ [n] such that f is constant on the

restriction c. Equivalently ∀y ∈ {0, 1}n, y|P = x|P 2 =⇒ f(y) = f(x). If f is always

0 on this restriction, the certificate c is a 0-certificate. If f is always 1, the certificate

c is a 1-certificate. Certificate complexity of f on input x denoted by C(f, x) is the

minimum |P |, such that c is a f(x)-certificate.

2y|P ∈ {0, 1}|P | such that ∀i ∈ P, c(i) = yi.
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The certificate complexity of f denoted by C(f) is defined as

C(f) = max
x∈{0,1}n

C(f, x)

.

Definition 2.2.4 (Sensitivity). The sensitivity of a function f on an input x ∈ {0, 1}n is

defined as s(f, x) = | {i | f(x) 6= f(x⊕i)} |. Sensitivity of function f denoted by s(f)

is defined as

s(f)
def
= max

x∈{0,1}n
s(f, x)

.

Definition 2.2.5 (Block Sensitivity). The block sensitivity of a function f on an input x

denoted by bs(f, x) is defined as the maximum number of disjoint blocks {B | B ⊆ [n]}

such that f(x) 6= f(x⊕B) where x⊕B denotes all the indices of x in B flipped. Block

Sensitivity of the function f denoted by bs(f) is defined as

bs(f)
def
= max

x∈{0,1}n
bs(f, x)

Notice that s(f) ≤ bs(f).

The average sensitivity of a Boolean function is expected sensitivity of f on an input

x i.e. Ex∈{0,1}n [s(f, x)]. This is also known as influence of a function denoted by I(f).

For a Boolean function f , Infi(f) = Prx∈{0,1}n [f(x) 6= f(x⊕i)] i.e. fraction of inputs

where i is influential. Influence or average sensitivity can equivalently be written as

I(f) =
∑n

i=1 Infi(f).

We will see now how to combine several families together to obtain a new family.

k-closure of Boolean families Given k classes of n-bit Boolean functionsF1,F2 . . . ,Fk,

and a fixed Boolean function f : {0, 1}k → {0, 1}. The family of Boolean functions as

k-closure is defined as,

F(F1,F2, . . . ,Fk) = {f(f1(), ..., fk()) | fi ∈ Fi, i ∈ [k]}
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where same inputs are being fed to all the fi’s. Notice the functions in F are still

functions from {0, 1}n to {0, 1}.

Definition 2.2.6 (k-fold union). Let F ⊆ 2{0,1}
n . k-fold union family of F is denoted

as Fk∪ and defined as Fk∪ =
{⋃k

i=1 Fi | Fi ∈ F
}

.

Special Boolean Functions We define some specific Boolean function which has

appeared in the thesis.

PARITY : We denote PARITY by ⊕n.

PARITY(x1, x2, . . . , xn) =

1 , (
∑n

i=1 xi) mod 2 = 1

0 , otherwise

MAJORITY :

MAJ(x1, x2, . . . , xn) =

 1 , if
∑n

i=1 xi ≥
n
2

0 , otherwise

That is, the function evaluates to 1 if and only if the weight of the input is at least n
2
.

THRESHOLD :

THkn(x1, x2, . . . , xn) =

 1 , if
∑n

i=1 xi ≥ k

0 , otherwise

The function evaluates to 1 if the weight of the input is at least k.

k-slice : A function f : {0, 1}n → {0, 1} is said to be k-slice function if

f(x) =

0 ,
∑n

i=1 xi < k

1 ,
∑n

i=1 xi > k

SYMMETRIC: A function f : {0, 1}n → {0, 1} is symmetric if the function is invariant

under the permutation of input indices i.e. f(x) = f(π(x)) where π(x) : {0, 1}n →

{0, 1}n is a bijective function.

READ-ONCE: A Boolean function is said to be read-once if there is a Formula (a

Boolean circuit where every gate has fan-out at most 1) computing the function f such
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that every variable appears only once in the formula. Monotone read-once functions

have no negations in the formula computing the function.

2.3 Complexity Classes

In this section, we briefly define some complexity classes that appeared in the thesis.

Complexity classes are a set of related problems defined in terms of computational

difficulty in solving the problem with a computational resource like time or memory or

in terms of no. of gates in a circuit. We describe few classes below.

Class P is the set of problems that can be computed by a deterministic Turing machine

in polynomial time. Class NP is the set of problems that can be computed by a non-

deterministic Turing machine in polynomial time. A problem X is hard for a complexity

class C if all the problems in the class C many-one 3 reduces to X . The set of problems

that are hard for NP are NP-hard problems. A problem is said to be in class coNP if

and only if the complement of the problem is in class NP. Polynomial hierarchy is a

hierarchy of complexity classes that generalizes the class NP and coNP. Σp
3 is one such

complexity class in the polynomial hierarchy. A language L ⊆ Σ∗ is said to be in Σp
3,

if there exists a deterministic Turing machine M running in time polynomial in its first

input, such that x ∈ L ⇐⇒ ∃w1∀w2∃w3M(x,w1, w2, w3) = 1 and |w1|, |w2|, |w3| are

polynomial in |x|. Analogous to class of decision problems, we define complexity classes

for function computation problems. A natural extension of P is FP which is defined

as FP = {f | f : Σ∗ → N, for any x ∈ Σ∗, f(x) can be written in poly(|x|) time} . In a

similar way we can define FPΣp
3 which will be analogous to complexity class Σp

3.

Definition 2.3.1 (LOGNP Class). The class of decision problems expressible in logical

form as, “the set of I for which there exists a subset S = {s1, s2, . . . , slogn} ⊆ [n],

such that ∀x ∃y such that ∀j ∈ S, the predicate φ(I, sj, x, y, j) holds where x and y are

logarithmic-length strings, and φ is computable in P".

We now see a complexity class AM based on Arthur-Merlin protocol. Arthur

tosses some random coins and sends the outcome of all his coin tosses to Merlin.
3Suppose A and B are two formal languages over the alphabets Σ and Γ respectively. We say A

many-one reduces to B if there exists a total computable function f : Σ∗ → Γ∗, such that for any string
w ∈ A⇔ f(w) ∈ B.
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Merlin responds with a purported proof, and Arthur deterministically verifies the proof.

Formally,

Definition 2.3.2 (AM Class). A language L ∈ AM if there exists a deterministic

algorithm V running in polynomial time (in the length of its first input) such that:

• If x ∈ L, then ∀r ∃π such that V(x, π, r) = 1

• If x /∈ L, then ∀π we have Prr[V(x, π, r) = 1] ≤ 1
2

CC0 is the class of Boolean function families which can be computed by circuit

families of polynomial size, constant depth which uses MODq gates for any integer q

(which is independent of n). The class AC0 is the class of Boolean function families

which can be computed by constant depth polynomial size circuit families using the

gates ∧, ∨, and ¬ gates.

We refer the readers to the textbook by Arora and Barak (2009) and Kozen (2006)

for more details.
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CHAPTER 3

Literature Survey

In this chapter, we give a brief overview of Boolean functions complexity and known

results and connection of Learnability of Boolean functions and VC-dimension . Firstly,

we look at a measure of non-monotonicity called alternation (see Definition 2.2.1)

and then survey known relations between various measures of complexity of a Boolean

function. Then, we see the connection of VC-dimension in learnability of Boolean family

and state the lower and upper bound in Section 3.2. Then, we see various properties of

VC-dimension of a family and see some results relevant in the study of the thesis. We

then look at a family of k-union (Section 3.3.2) and show the literature and known bounds

for it. We also look at a special family called s-extremal family (Section 3.4.2). Finally,

in Section 3.5, we look at the complexity of computing VC-dimension in different

variants and conclude with some new applications of VC-dimension .

3.1 Boolean Function Complexity

A Boolean function f(x1, x2, . . . , xn) of n variables is a mapping f : {0, 1}n → {0, 1}.

We say f(x) evaluates to True if the value f(x) = 1 and False if f(x) = 0. All the

inputs or vectors for which f(x) = 1 are called positive inputs (and negative inputs

when f(x) = 0). The name Boolean function comes from Boolean logic invented by

George Bool. Since total number of inputs are 2n, there are 22n Boolean functions. Some

examples of Boolean functions are AND (f(x) = 1⇔ if all bits are 1), Parity (f(x) = 1

if no. of 1’s is odd in x), Majority (f(x) = 1 if no. of 1’s is at least n/2) etc. For more

details we refer the readers to the textbook by Crama and Hammer (2011).

There are many algebraic and combinatorial Boolean function complexity measures

such as degree, sensitivity, block sensitivity, influence, alternation etc. which we have

defined in Chapter 2.



3.1.1 Measures of Non-monotonicity

We look now at various measures of non-monotonicity to understand non-monotonicity

of a Boolean function.

Orientation A function f : {0, 1}n → {0, 1} is said to have orientation β ∈ {0, 1}n if

there exists a monotone function h : {0, 1}2n → {0, 1} such that ∀x ∈ {0, 1}n, f(x) =

h(x, x⊕ β). Observe that for a monotone function 0n is an orientation. The weight of β

(wt(β)) indicates how close a function is to being monotone. This was studied by Koroth

and Sarma (2017) and we refer the same to interested readers.

An implicant of a Boolean function f(x1, x2, . . . , xn) is a nonzero term p such that

p(a) ≤ f(a) for all a ∈ {0, 1}n. An implicant p of a Boolean function f is a prime

implicant, if upon removing all the occurrences of any particular literal from p, the

resulting term is not an implicant of f anymore.

Negation Width A DeMorgan1 circuit computing a monotone Boolean function f has

negation width w if for every prime implicant p of f , the circuit produces either p or

some extension containing at most w negated variables. Extension of a prime implicant

p is a nonzero term of the form p.r where r = xi1 .xi2 . . . . xit consists of only negated

literals. A monotone Boolean circuit has negation width 0. Jukna and Lingas (2019)

gave a relation between a circuit with negation width w and size of monotone circuit

computing the function.

Monotone Decision Trees Another measure of non-monotonicity is monotone decision

trees which are decision trees where each query is a monotone function on the input

bits. Monotone decision tree height is shown to be related with alt(f) by Amireddy et al.

(2020) and we refer the readers the same for more information.

Our interest of study is one particular measure of non-monotonicity called al-

ternation. A function f : {0, 1}n → {0, 1} is said to be monotone if and only if

∀x, y ∈ {0, 1}n, x ≺ y ⇒ f(x) ≤ f(y). Notice that alternation of a monotone function

is 1. Alternation of a Boolean function can be at most n. Higher the alternation of a

Boolean function, higher the non-monotonicity. A close variant of alternation called de-

crease (denoted by dec(f), where only the indices i ∈ [n] such that f(xi−1) > f(xi) are

counted) was originally introduced by Markov (1958) while more recent literature Blais

1A circuit with all negation at the leaves
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et al. (2015); Lin and Zhang (2017); Dinesh and Sarma (2018) uses alternation as the

measure of non-monotonicity. Note that, for all Boolean functions f , dec(f) = balt(f)
2
c

and functions having decrease as zero are exactly monotone functions. We look at the

following characterization of non-monotone functions due to Blais et al. (2015).

Lemma 3.1.1 (Blais et al. (2015)). Let f : {0, 1}n → {0, 1} . Then there exists

k = alt(f) monotone functions g1, . . . , gk each from {0, 1}n to {0, 1} such that

f(x) =

⊕
k
i=1gi , if f(0n) = 0

¬ ⊕ki=1 gi , if f(0n) = 1

We give a brief sketch of the proof of the above lemma. The decomposed monotone

functions gi’s are defined as gi = {x ∈ {0, 1}n | alt(f, x) ≤ i− 1} where alt(f, x)

denotes maximum alternation for any chain in f starting at x. From definition observe

that gi+1 ⇒ gi (in set theory terms gi+1 ⊆ gi). These decomposed monotone functions

or boundary functions divides the entire Boolean Hypercube Bn of f in k-boundaries

and their parity is exactly the value of the function at all points or inputs.

3.1.2 Relation between Complexity Measures

We defined several complexity measures of a Boolean function in Chapter 2. It turns

out that all these measures are polynomially related and we summarize them below. In

Chapter 5 we show a connection between VC-dimension and Certificate complexity

(C(f)) and also show a characterization of a highly sensitive function. Relation between

various Boolean function complexity measures is summarized below in Table 3.1. The

relations hold for any Boolean function.
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Relation Citation

s(f) ≤ bs(f) ≤ C(f) Folklore

bs(f) ≤ D(f)

D(f) ≤ s(f)bs(f)2 Nisan (1991)

C(f) ≤ s(f)bs(f)

bs(f) ≤ 2deg(f)2 Nisan and Szegedy (1992)

D(f) ≤ deg(f)3 Midrijanis (2004)

deg(f) ≤ D(f) ≤ C(f)2

bs(f) ≤ deg(f)2 Tal (2013)

bs(f) = O(alt(f)2s(f)) Lin and Zhang (2017)

bs(f) ≤ s(f)4 Huang (2019)

Table 3.1: Relation between the complexity measures considered

3.2 Learnability of Boolean Family

In this section, we look at the learnability of family of Boolean functions in particular.

There are many classes of Boolean functions and they abstract out the data obtained

from the real world. The aim has always been to estimate the properties of an entire

sample space using as few data or samples as possible. We look at sample complexity of

Bounds in Valiant (1984) PAC model of learnability.

The Learning Model We saw the definition of PAC Learnability in Chapter 2. The

learning algorithm requires a training set or examples of the form (x1, c(x1)),

(x2, c(x2)) . . . , (xm, c(xm)) where xi’s are chosen according to some distribution D. c is

the target concept and c(xi) = 1 if and only if xi ∈ c. The algorithm also has a collection

of hypothesis called the Hypothesis Class or Concept Class C. The algorithm outputs a

hypothesis h and its correctness is evaluated with respect to closeness with the target

concept. The aim is to minimize the sample complexity with a better approximation

of the hypothesis produced and the target concept. Now we will state the exact sample

complexity bounds due to Ehrenfeucht et al. (1989) and Blumer et al. (1989) that one

gets from VC-dimension of a family.

Theorem 3.2.1 (Ehrenfeucht et al. (1989)). Consider a family F such that VC(F) ≥ 2
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and 0 < ε ≤ 1
8
, 0 < δ ≤ 1

100
. Then any (ε, δ) algorithm A for F must use sample size

Ω(VC(F)
ε

).

We give a brief sketch of the proof of the above Theorem. We will refer to some of

these in later discussions. LetX be the universe. Consider a setX0 = {x0, x1, . . . , xd} ⊆

X shattered by F , where VC(F) = d+ 1. Define the following distribution P on X .

P (x) =


1− 8ε, x = x0

8ε
d
, x = xi, 1 ≤ i ≤ d

0, otherwise

Define F0 = {{x0} ∪ T | T ⊆ {x1, x2, . . . , xd}}. Since P is 0 except on X0, we may

assume that X = X0 and F = 2X0 . Hence, F0 ⊆ F . Let m be the number of samples

used by the algorithm. Define a set S ⊂ Xm,

S = {~x ∈ Xm | ~x has at most d/2 distinct elements from {x1, x2, . . . , xd}}

The following two lemmas establishe the desired bound.

Lemma 3.2.2. Let U be the uniform distribution on {0, 1}. Let h be the produced

hypothesis by the learning algorithm. Then there exists a c0 ∈ F0 satisfying

Pr~x∈Pm r∈Uk [h4c0 > ε] >
1

7
Pm(S)

where h4c0 is fraction of inputs where h and c0 disagree.

Lemma 3.2.3. If δ ≤ 1
100

. If m = d
32ε

then Pm(S) > 7δ.

Theorem 3.2.4 (Blumer et al. (1989)). Let F be a family of subsets of universe U such

that VC(F) = d. Then there exists an (ε, δ)-learning algorithm A for a family F that

uses at most O(d
ε

ln 1
ε
).

Thus, computing VC-dimension of families immediately answers whether there exists

an efficient learning algorithm for F or family is efficiently learnable with provable

optimal sample complexity.

Dinesh and Sarma (2018) gives a bound on sample complexity of learning algorithm

for families of Boolean functions parameterized by alternation.
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Theorem 3.2.5 (Dinesh and Sarma (2018)). Let

A = {f : {0, 1}n → {0, 1} | alt(f) ≤ k}

where alt(f) is the alternation of the function f . We have an ε error learning algorithm

from random examples with a runtime of O(nalt(f)×deg2(f)2/ε).

A bound on running time also implies an upper bound on the sample complexity as

number of queries is limited by running time of the algorithm. We remark here that the

underlying distribution of the learning algorithm is the uniform distribution.

3.3 Known Bounds and Properties of VC-dimension

In this section, we revisit the definition of VC-dimension and see some more properties

of VC-dimension of a family.

Let U be a universe and F be a set of subsets of U . The family F is said to shatter

a subset S ⊆ U if for all S ′ ⊆ S, there is a F ∈ F such that S ∩ F = S ′. The

VC-dimension of F is said to be the largest d such that there is a set S of size d shattered

by the family. We will see some results that characterize the VC-dimension of a family

with respect to the size of the class. These results are well known but we present our

own proof for completeness.

Observation 3.3.1. Let F be family which shatters a set S. Then the following holds

from the definition of VC-dimension .

1. VC(F) ≥ |S|

2. F also shatters all subsets of S.

3. F ≥ 2|S|

4. F ⊆ G ⇒ VC(F) ≤ VC(G)

Proposition 3.3.2. For any family of Boolean functions F , VC(F) ≤ log |F|.

Proof. The proof follows from the fact that if the VC(F) = k, then there is a set S ⊆ U

of size k which is shattered, and hence there must be at least one F ∈ F for each subset

of S. Thus |F| ≥ 2k which implies the bound.
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There is a similar kind of result for the lower bound of VC-dimension for a family.

Before seeing that we first see projection of a set S on a family F denoted by ΠF (S).

This is defined as

ΠF(S) = {F ∩ S | F ∈ F} .

This is also sometime termed as growth function. Observe that if a set S is shattered by the

family F then ΠF(S) = 2S . For an integer m > 0, define ΠF(m) = max
S⊆U,|S|=m

|ΠF(S)|.

Notice that if VC(F) = d then ΠF(d) = 2d, and in fact, ΠF(m) = 2m for all m ≤ d.

In other words, VC(F) is the maximum value of m such that ΠF(m) = 2m. Now we

state a lemma about value of ΠF(m) for m > d. This Lemma is popularly known as

Sauer-Shelah lemma and was first proved by Vapnik and Chervonenkis (1971) in their

original paper on VC-dimension and also independently by Sauer (1972) and Shelah

(1972) among other authors.

Lemma 3.3.3 (Sauer-Shelah Lemma). Let F be a family and VC(F) ≤ d, where d is

at most the size of the universe U and (d ≥ 3) ,

ΠF(m) ≤ 1 +

(
m

1

)
+

(
m

2

)
+ . . .+

(
m

d

)
≤
(em
d

)d
≤ md

We now show the lower bound on VC-dimension of a family.

Proposition 3.3.4. Let F be a family such that VC(F) ≥ 3. Then VC(F) ≥ log |F|
log |U | .

Proof. At m = |U | all the elements in F must give different vectors in the projection,

and hence ΠF(m) = |F|. Suppose VC(F) ≤ d, then

|F| = ΠF(m) ≤ md ≤ |U |d

Thus,

d ≥ log |F|
log |U |

We have the following corollary on the lower bound of VC-dimension of a family of

Boolean functions where U = {0, 1}n.

Corollary 3.3.5. Let F be a family of Boolean functions. Then VC(F) ≥ log |F|
n

.
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We collect (in Table 3.2) known VC-dimension bounds of various Boolean function

classes. All functions are of the form f : {0, 1}n → {0, 1} except Cn,k which has

families of Boolean functions g : {−1, 1}n → {−1, 1}.

Function Family UB LB Remarks
Monotone Functions

(
n
n/2

) (
n
n/2

)
Procaccia and Rosenschein (2006)

Monomials n n Natschläger and Schmitt (1996)
Monotone Monomials n n Natschläger and Schmitt (1996)
DNFs with terms size k O(nk) Ω(nk) Ehrenfeucht et al. (1989)
Cn,k 2nk max{n, k} Mixon and Peterson (2015)
k-Decision Lists O(nk) Ω(nk) Rivest (1987)
Symmetric Functions n+ 1 n+ 1 Ehrenfeucht et al. (1989)

Table 3.2: Bounds on VC-dimension of Families of Functions

In Table 3.2, Cn,k is a family of Boolean functions defined over {−1, 1}n domain

instead of {0, 1}n. A function g : {−1, 1}n → {−1, 1} is said to be in Cn,k, if there are

subsets S1, S2, . . . Sk ⊆ [n] and coefficients a1, a2, . . . ak ∈ R such that :

g(x) = sign

(
n∑
i=1

ai
∏
j∈Si

xi

)

3.3.1 Properties of VC Dimension

We collect here some interesting properties of VC-dimension of a family.

Lemma 3.3.6. Let F be a family such that its VC(F) = d. Consider a set H ⊆ U and

the family FH = {F4H | F ∈ F}. Then VC(F) = VC(FH).

We did not find a proof of the above lemma in our literature survey. Hence we

provide a proof of our own for completeness.

Proof. Lower Bound: Let S be the largest set shattered by F . We will show that FH
also shatters the set S. These are the following cases which arise while shattering. The

notation FT implies the concept FT ∈ F such that FT ∩ S = T .

1. Consider that S ′ ⊆ S and S ′ ∩H = φ. In this case F ′ = F(H∩S)∪S′ .

2. For the case when S ′ ⊆ S and S ′ ⊆ H , define W = (H ∩ S) \ S ′. In this case,
F ′ = FW
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3. For the case S ′ ⊆ S and S ′ ∩H 6= φ, suppose S ′ = X ∪ Y such that X ∩H = φ
and Y ⊆ H . Define W = (H ∩ S) \ S ′. In this case, F ′ = FW∪X .

For each of the above case, (F ′4H)∩ S = S ′. Thus we can obtain all the subsets of

S and hence FH shatters S. We give below a Venn-diagram (Figure 3.1 ) to understand

the construction above.

Figure 3.1: Venn Diagram of H and S

Upper Bound: We show this by contradiction. Suppose that, FH shattered a set of

size greater than d. Then using the method above, we will also be able to show that F

shattered the same set. This is due to bijective nature of the construction. Observe that

(FH)H = F by the definition of symmetric difference. Thus, if F shatters a set then we

know how the same set will be shattered by FH and vice versa.

We have the following observation from the above lemma. Let F be a family and U

be the universe. We define F as follows.

F = {U \ F | F ∈ F}

Observation 3.3.7 (Negation of a family). VC(F) = VC(F)

Let F1 and F2 be two families.

Observation 3.3.8 (DeMorgan’s Law). VC(F1 ∪F2) = VC(F1 ∪ F2) = VC(F1 ∩F2)

We will see now another interesting property. Let F be a family and Fx be the shifted

family (see Definition 2.1.8).

Proposition 3.3.9. For any set S ⊆ X:

Fx shatters S ⇒F shatters S
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Proof. Since Fx shatters S, we have ∀S ′ ⊆ S, ∃F ′ ∈ Fx such that F ′ ∩ S = S ′. Due to

the shifting of the family, if x ∈ F ′ then both the sets F ′ and F ′ \{x} are in the family F

and if x /∈ F ′ then either F ′ or F ′ ∪ {x} is in the family F . We will use this information

to show that F shatters the set S.

Consider a subset S ′ ⊆ S and x ∈ S ′. Then x ∈ F ′ and hence F can obtain the

subset S ′. Similarly, when x /∈ S ′ then x may or may not be in F ′. In any case, we can

see above that F can obtain the subset S ′. Thus F shatters the set S.

Observation 3.3.10. The family F can be shifted multiple times to obtain a new family

F ′ which is subset closed i.e. if A ∈ F ′ then all subsets of A are also in the family F ′.

The largest cardinality set is the VC-dimension of family F .

Proof. Suppose there is a set S = A ∪ {x} such that A is not in the family. In that case,

we can shift S by x to make it subset closed. We repeat this process for all such sets to

obtain a subset closed family in the end.

Now we will look at a result due to Ben-David (2015) which characterizes a family

with VC-dimension at most 1. If the sets in a family are linearly ordered by inclusion

then VC-dimension of the family is 1. For the reverse direction of this statement, the

author shows that the family has a very simple description and one does not necessarily

need a linear order. Instead, the partial ordering being a tree suffices that VC-dimension

is at most 1.

Tree Ordering A partial order � over the universe X is a tree ordering if ∀x ∈ X , the

initial segment (Ix = {y | y � x}) is linearly ordered under �.

Theorem 3.3.11 (Ben-David (2015)). Let H be a family over some universe X . The

following statements are equivalent.

1. VC(H) ≤ 1

2. There exists a tree ordering over universe X and a f : X → {0, 1} such that every
element ofHf

2 is an initial segment under that ordering.
2Hf = {h4f | h ∈ H} where4 is symmetric difference of two sets.

24



3.3.2 VC-dimension of k-fold Union

We defined k-union of families in the Chapter 2 (see Defn 2.2.6). We survey some known

bounds of VC-dimension of k-fold union.

Let F be the family and Fk∪ be the k-union of the family. Suppose VC-dimension

of the family F is d. How large can the VC-dimension of Fk∪ be?

Theorem 3.3.12 (Blumer et al. (1989)). Let F ⊆ 2X be a concept class of finite VC-

dimension d ≥ 1. For all k ≥ 1 let Fk∪ =
{
∪ki=1Fi | Fi ∈ F

}
. Then for all k >= 1,

the VC-dimension of Fk∪ is less than 2dk log(3k).

In the same paper, Blumer et al. (1989) shows a similar result for a family Fk∩

(union replaced with the intersection as defined above).

Reyzin (2006) gives a construction of a family Fk∪ with VC-dimension at least
8
5
dk thus proving a lower bound on k-fold union of family. The author also remarks

that their method cannot match the upper bound due to Blumer et al. (1989) and thus

a quest for settling the gap between lower bound and upper bound remains. The gap

was settled by Eisentat and Angluin in 2007. Eisenstat and Angluin (2007) shows that

O(dk log k) bound is asymptotically tight for k-union family by constructing a family

with VC-dimension at least Ω(dk log k).

Theorem 3.3.13 (Eisenstat and Angluin (2007)). There exists real α > 0 such that for

all d ≥ 5 and for all k ≥ 1, there is a concept class C of VC-dimension at most d such

that Ck∪ has VC-dimension at least α.dk log k .

We describe the idea used in the construction of the family which achieves the lower

bound and a brief sketch of the proof of the theorem. Let n be a positive integer and let

U = {1, 2, . . . , n2n} be the universe. Construct a random concept class C =
⋃dlogne
b=0 Cb

where Cb = {c1, c2, . . . , ct} where t > 0 and ci ⊆ U are random a-point 3 concepts. The

concept class C satisfies the following three properties. We leave out the proof and only

mention the properties.

1. Each concept in C appears at most once.

2. For 1 ≤ b ≤ dlog ne, and ∀S ⊆ U such that |S| > n2n−b, there exists a concept
c ∈ C such that c ⊆ S and |c| ≥ n/b.

3a-point set: Set of size a.
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3. No two concepts in C intersect in 5 or more points4.

We need the following 2 lemmas which mention the significance of these properties.

Lemma 3.3.14. If C satisfies Properties 1 and 2, then for all k ≥ 3.2n, Ck∪ shatters U .

Lemma 3.3.15. If concept class C satisfies property 3, then VC(C) ≤ 5.

Proof. Suppose, C shatters a set S ⊆ U . Consider w ∈ S. Then there exists two

concepts c1 and c2 such that S = c1 ∩ S and S \ {w} = c2 ∩ S. Thus S \ {w} = c1 ∩ c2

and we know from property 3 that no two concept intersects at 5 or more points. Hence,

|S| ≤ |c1 ∩ c2|+ 1, which gives |S| ≤ 5.

We need the below Lemma by Reyzin (2006) and Eisenstat and Angluin (2007) for

the final argument which increases the VC-dimension of a family and its k-fold union

proportionally.

Lemma 3.3.16 (Tagged `-fold union). If a concept class C over some universe U

has VC-dimension d and Ck∪ has VC-dimension d′, then for all ` ≥ 1, there exists a

concept class D with universe [`]× U such that D has VC-dimension `d, and Dk∪ has

VC-dimension `d′.

The constructed family C has VC-dimension at most 5 and its k-fold union has

VC-dimension at most Θ(k log k). Now we use Lemma 3.3.16 to increase the VC-

dimension to our desired value. We obtain a class D for ` = d
5

with VC(D) at most 5`

and VC(Dk∪) = d
5
Θ(k log k), which proves the bound.

3.4 Sumset Lemma and s-extremal Family

A concept class in this context is a subset A ⊆ {0, 1}n. Each n-bit vector x ∈ A can

be interpreted as a set S = {i ∈ [n] | xi = 1}. Thus, the set A can be equivalently

considered as a family of subsets of [n].

4points: elements of the set
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3.4.1 Interpolation Degree

For any function f : {0, 1}n → {0, 1}, there is a unique multilinear polynomial P ∈

F2[x1, x2, . . . , xn] such that ∀x ∈ {0, 1}n, P (x) = f(x). But for a partial function f :

A→ {0, 1} there are 22n−|A| multilinear polynomials whose restriction to A computes

f . Interpolation-degree denoted by int-deg is defined as the smallest d such that any

function f : A→ {0, 1} can be computed by a polynomial of degree at most d. Clearly,

int-deg is an integer between 0 and n. We denote VC(A) as the VC-dimension of the

family corresponding to A ⊆ {0, 1}n. Then the following connection to VC-dimension

is known due to Gurvits (1997).

Lemma 3.4.1 (Gurvits (1997)). Let A ⊂ Fn2 . Then int-deg(A) ≤ VC(A).

We give a brief sketch of the proof of this lemma. Since the set of all multilinear

monomials span the set of functions f : A → {0, 1}, it suffices to show that any

monomial can be represented as a polynomial of degree at most d = VC(A). This

follows from the fact that if a monomial xS = Πi∈Sxi has degree larger than d = VC(A),

then A cannot shatter the set S. Let us revisit another formulation of Sauer-Shelah

Lemma 3.3.3 to see a converse statement by Dvir and Moran (2018).

Lemma 3.4.2. Let A be a family such that VC(A) ≤ d. Then |A| ≤
∑d

i=0

(
n
i

)
.

Consider a family A4A defined as {S4T | S, T ∈ A} where4 denotes symmetric

difference operation. The above Lemma 3.4.2 gives a bound for size of the family A4A

as

|A4A| ≤

(
d∑
i=0

(
n

i

))
.

(
d∑
i=0

(
n

i

))
Dvir and Moran (2018) shows a converse result for the same i.e. an upper bound on

VC-dimension of A4A implies an upper bound on |A|.

Theorem 3.4.3 (Theorem 2, Dvir and Moran (2018)). Consider a family A such that

VC(A4A) ≤ d. Then

|A| ≤ 2

d/2∑
i=0

(
n

bd/2c

)
.

Dvir and Moran (2018) also show a stronger statement in terms of interpolation-

degree.
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Theorem 3.4.4 (Theorem , Dvir and Moran (2018)). Let d ≤ n and A ⊂ {0, 1}n

satisfying |A| > 2
∑d/2

i=0

(
n
bd/2c

)
. Then int-deg(A4A) > d.

3.4.2 Shattering-Extremal Family

We now see a special class of family called Shattering-Extremal family or s-extremal

family in short. Let F be family and Sh(F) denote the set of sets shattered by F . The

following lemma gives a bound on the size of Sh(F).

Lemma 3.4.5. |Sh(F)| ≥ |F|.

This lemma is often referred as Sauer’s inequality and proved by Pajor (1985), Sauer

(1972) and Shelah (1972). The case of equality is of our interest. The family F is said to

be s-extremal if and only if |Sh(F)| = |F|.

Union of s-extremal Families Let F be an s-extremal family. Consider the following

families constructed from F as follows.

F i0 = {F | F ∈ F , i /∈ F}

F i1 = {F \ {i} | F ∈ F , i ∈ F}

Proposition 3.4.6. If F is s-extremal then so is F i1 and F i0.

Proof. As described above, the family F is decomposed into two families. We observe

that Sh(F i1) ∪ Sh(F i0) ⊆ Sh(F) and |F i0| + |F i1| = |F|. Also notice that if S ∈

Sh(F i1)∩Sh(F i0) then S∪{i} ∈ Sh(F). This is because all the subsets of S containing

i can be obtained from F i1 (sets from the original family F) and the rest from F i0. Now

we have

|Sh(F)| = |F| = |F i0|+ |F i1| ≥ |Sh(F i1)|+ |Sh(F i0)| (3.1)

Suppose that, without loss of generality F i0 was not s-extremal which means |Sh(F i0)| >

|F i0|, then it would imply that |Sh(F i1)| < |F i1|, contradicting Lemma 3.4.5.

The reverse of the above proposition need not be true i.e. union of two s-extremal

families need not be s-extremal. We give a counterexample below.
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F1 = {{c, d, e}} , Sh(F1) = {φ}

F2 = {φ, {a} , {b} , {a, b}} , Sh(F2) = F2

But, Sh(F1 ∪ F2) = {φ, {a} , {b} , {a, b} , {c} , {d} , {e}} which is larger than the size

of the family F1 ∪ F2.

We will now see a characterization of s-extremal family based on inclusion graph.

An inclusion graphGF for a family F is defined as a graph whose vertices are all the sets

in F and there is a directed edge from S to T , labelled with j ∈ [n] when T = S ∪ {j}.

Characterization of s-extremal Family Let GF be the inclusion graph of the family

F . For a family F and a set B ⊆ [n], define F(B) =
{
I ⊆ [n] \B | I + 2B ⊆ F

}
where I + 2B = {B′ ∪ I | B′ ⊆ B}. Bollobás and Radcliffe (1995) shows the following

characterization of s-extremal family.

Lemma 3.4.7 (Theorem 3 Bollobás and Radcliffe (1995)). A family F ⊆ 2[n] is s-

extremal iff GF(B) is connected for every B ⊆ [n].

To understand the above characterization, suppose B = φ then F(B) = F . The

Lemma says that the inclusion graph of F should be connected. So if we find that

inclusion graph of a family F is not connected, we immediately know that F is not

s-extremal. Another characterization was given by Mészáros and Rónyai (2013) for a

special class of family showing that inclusion graph must be a tree with distinct edge

labels.

Lemma 3.4.8 (Mészáros and Rónyai (2013)). A family F is s-extremal and of VC-

dimension at most 1 iff GF is a tree and all labels on the edges are different.

Now we look at some open problems and conjectures for an s-extremal family.

Mészáros and Rónyai (2013) conjectured the following about s-extremal families.

Conjecture 3.4.9 (Mészáros and Rónyai (2013)). For an s-extremal family F , there

always exists a set F ∈ F such that F \ {F} is s-extremal.

There is an equivalent formulation of this conjecture due to the fact that a family is

s-extremal if and only if complement set of the family is s-extremal (see Bollobás and

Radcliffe (1995)).
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Conjecture 3.4.10 (Mészáros and Rónyai (2013)). For an s-extremal family F , there

always exists a set F /∈ F such that F ∪ {F} is s-extremal.

The conjecture is showed to be true for families such as down-set family, s-extremal

family with VC-dimension 1 etc. and proved for any family with VC-dimension at most

2 (see Mészáros and Rónyai (2013); Mészáros and Rónyai (2014)).

3.5 Complexity of Computing VC-dimension

In this section, we look at the hardness of computing VC-dimension for a given family

F . We saw several variants of VC-dimension in Chapter 2 and so we look at them

individually. We first look at the variant due to Schafer (1996) (Definition 2.1.3).

VC-dimension Instance Let `,m be two positive intergers. A circuit C with ` + m

input gates, and a positive integer k. Question: Is VC(C) ≥ k?

Theorem 3.5.1 (Schafer (1996)). VC-dimension is Σp
3-complete.

We state the characterization to put the VC-dimension problem in Σ3.

VC(C) ≥ k ⇔(∃x1, . . . , xk ∈ Σm)

(∀s ∈ Σk)(∃i ∈ Σ`)

(∀j ∈ {1, . . . , k})[C(i, xj) = s[j]]

The problem is showed to be Σp
3-complete by reducing it to the standard Σp

3-complete

problem QSAT3. We refer the readers to Schafer (1996) for details of the proof.

Linial et al. (1991) first restricted representation of family or concept class to inci-

dence matrix and termed the problem Matrix VC-dimension . They showed that Matrix

VC-dimension can be solved in time O(nlogn) where n is the number of entries in

the matrix. Later Papadimitriou and Yannakakis (1996) defined the class LOGNP and

showed that Matrix VC-dimension is LOGNP-complete. We will see the hardness of

one more variant that is defined for a Single Boolean function in Chapter 5.

Approximability of VC-dimension Since the problem of deciding VC-dimension

dimension is Σp
3-complete, the VC-dimension computing function is also complete for
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FPΣp
3 . Hence, Schafer (1996) looks at approximating the VC-dimension first, and show

that approximating VC to a factor within n1−ε is NP-hard for all ε > 0. Thus we cannot

approximate VC up to a constant factor in polynomial time, unless P = NP. On a similar

line of work, Mossel and Umans (2002) shows that computing VC of a polynomial size

circuit with n-inputs is Σp
3-hard to approximate within a factor of 2 − ε and easy to

approximate withing a factor of 2. They also show that the problem is approximable in

AM (see Definition 2.3.2) within a factor of 2−O( logn√
n

) and AM-hard to approximate

within a factor of n1−ε for all ε > 0.

3.6 Other Applications of VC-dimension

In this section, we survey some more applications of VC-dimension .

Circuit Complexity Lower Bound As a first application of VC-dimension to circuit

complexity, Koiran (1996) shows a Ω(n
1
4 ) lower bound on the size of sigmoidal circuit

computing a specific AC0
2 function. For more details on circuit complexity bounds, we

refer readers to the survey by Shpilka and Yehudayoff (2010).

One Way Randomized Communication Complexity Consider a randomized two-

party communication protocol as defined by Yao (1979). Alice holds an input x ∈ {0, 1}n

and Bob holds an input y ∈ {0, 1}n and they want to compute a function f(x, y). In

a one-round protocol, Alice will send a single message(depending on her input and

random coins) to Bob who should be then able to compute the function f(x, y). The

communication complexity of this protocol or the number of bits of communication

is denoted by RA→B(f). Kremer et al. (1995) shows that RA→B is lower bounded by

VC-dimension of the function f(x, y). Notice that the family corresponding to function

f(x, y) is the one defined by Schafer (1996) (see Definition 2.1.3). We refer the readers

to textbook by Kushilevitz and Nisan (1996) and Rao and Yehudayoff (2020) for details

about communication complexity.

VC-dimension and Disjointness Problem The disjointness problem - where Alice and

Bob are given two subsets of [n], and they need to check whether their sets intersect, with

the least amount of communication. The deterministic and randomized communication

complexity of the disjointness problem is known to be Θ(n) but if the sets drawn are

from some restricted set system, then the communication complexity is much lower.
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Bhattacharya et al. (2020) construct a set system of VC-dimension d and show that,

when sets are drawn from this set system, deterministic and randomized communication

complexity is Θ(d log(n
d
)). The intersection problem is- given two subsets of [n], find

their intersection. They show that there exists a set system of VC-dimension d such

that deterministic and randomized communication complexities of the set intersection

problem is Θ(d log(n
d
)).
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CHAPTER 4

Alternation, k-fold Union and VC-dimension

There have been several works exploring tight VC-dimension bounds of various families

of Boolean functions due to their application in proving sample complexity bounds of

learning algorithms. We saw in Chapter 3, that VC-dimension yields matching lower

bound (Ehrenfeucht et al. (1989)) and upper bound (Blumer et al. (1989)) for the number

of samples. In this chapter, we start by showing VC-dimension bounds for k-slice family,

Threshold family and family of Boolean functions with alternation at most 1 (denoted

by F1). We show that VC(F1) =
(
n
n/2

)
+ 1. We parameterize family of non-monotone

functions with alternation as a measure of non-monotonicity and show VC-dimension

bounds in terms of this parameter (i.e. alternation). For alternation k at most
√
n we

give an asymptotically matching lower and upper bound. As an application, we show

tightness of VC-dimension bounds for k-fold union, by explicitly constructing a family

F of subsets of {0, 1}n such that k-fold union of the family, Fk∪ =
{⋃k

i=1 Fi | Fi ∈ F
}

must have VC-dimension at least Ω(dk) and that this bound holds even when the union

is over disjoint sets from F . For a k-union family Blumer et al. (1989) showed an upper

bound of O(dk log k) and the bound was shown to be tight by Eisenstat and Angluin

(2007) by constructing a geometric family with VC-dimension at least Ω(dk log k). We

gave a non-geometric and explicit construction of a k-union family. Finally, we show s-

extremal properties of family of Monotone Boolean and show that Mészáros and Rónyai

(2013) conjecture is true for the family of Monotone Boolean function.

We also look at the notion of Subspace VC-dimension and show bounds for several

families such as Monotone family, Symmetric family and Family of Parity.

4.1 VC-dimension for functions with alternation 1

As a warm-up towards later sections, in this section, we describe VC-dimension bounds

for families of functions related to alternation and monotonicity. As mentioned in the

literature survey, Procaccia and Rosenschein (2006) computes the VC-dimension of



family of monotone Boolean functions (denoted byM) as : VC(M) =
(
n
n/2

)
. We see

VC-dimension bounds of few more related families.

k-slice function A function f : {0, 1}n → {0, 1} is said to be k-slice function if

f(x) = 0 if for every x ∈ {0, 1}n,
∑n

i=1 xi < k and 1 if
∑n

i=1 xi > k. DefineM∗ to be

the family of all slice-functions. We compute the VC-dimension(M∗).

Proposition 4.1.1. VC(M∗) =
(
n
n/2

)
Proof. To show the lower bound, we demonstrate how to shatter the following set :

S = {x ∈ {0, 1}n |
∑n

i=1 xi = n/2} where xi represents ith bit of x and

|S| =
(
n

n/2

)
.

We can see that, ∀S ′ ⊆ S, F such that F ∩S = S ′ is given by the characteristic function

f =
∨
z∈S′

∧
zi=1 xi. Observe that f is n

2
-slice function. To see the upper bound, observe

that every slice function is a monotone function and hence slice family is a subset of

family of monotone Boolean functions. Hence VC(M∗) ≤ VC(M) ≤
(
n
n/2

)
.

Threshold Family We define Tn as class of THRESHOLD functions.

Tn =
{

THkn | k ∈ {0, 1, . . . , n}
}

where

THkn =

1, if
∑n

i=1 xi ≥ k

0, otherwise

We need the following proposition before proving the bound for Threshold family.

Proposition 4.1.2. For t > 0, let f1, f2 . . . , ft : {0, 1}n → {0, 1} be t Boolean functions

such that f1 =⇒ f2 =⇒ . . . =⇒ ft. Let F be the family containing these t functions.

Then VC(F) = 1.

Proof. Suppose , it was the case that VC(F) ≥ 2 and shattered set is S = {w1, w2}.

Then there exists, some A ∪ {w1} ∈ F and B ∪ {w2} ∈ F . Now, either A ∪ {w1} ⊆

B ∪ {w2} or vice-versa. In either case, it contradicts the shattering of S = {w1, w2} as

any one of {w1} or {w2} can be obtained but not both while shattering. To see the lower
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bound, consider a set S = {w} and two functions fi and fj such that fi =⇒ fj and

w ∈ fj \ fi (without loss of generality). The set S can be shattered by obtaining empty

set from fi and full set from fj .

Proposition 4.1.3. VC(Tn) = 1

Proof. We first observe that the family Tn has implication property i.e. for all 0 ≤ i ≤

n− 1, THi+1
n =⇒ THin. Using Proposition 4.1.2 we have that VC(Tn) = 1.

alt-1 family Now consider the family of functions where each function has alternation

at most 1. Define

F1 = {f | either f or ¬f is monotone}

We compute the VC-dimension of this family exactly.

Theorem 4.1.4. VC(F1) =
(

n
bn/2c

)
+ 1

Proof. Lower Bound: We show the lower bound by shattering a set S ⊆ U of cardinality(
n
bn/2c

)
+ 1. The shattered set S = {x ∈ {0, 1}n |

∑n
i=1 xi = bn/2c}

⋃
{w} where w

is any arbitrary point in {0, 1}n such that wt(w) < bn/2c. Let S ′ ⊆ S. We need to give

an F ∈ F such that F ∩ S = S ′. We consider the following cases:

Case 1: S ′ ⊆ {x ∈ {0, 1}n |
∑n

i=1 xi = n/2}. F such that F ∩ S = S ′ is given by the

characteristic function f =
∨
z∈S′

∧
zi=1 xi. In this case S ′ forms an antichain and

hence we describe the f which is True on this set. See Figure 4.3

Case 2: S ′ = X∪{w}where ∀x ∈ X,
∑n

i=1 xi = n/2. F such that F∩S = S ′ is given

by the characteristic function f =
∧
z∈S′

∨
zi=1 xi. Observe that negation of this

function is a monotone function. The set S ′ may or may not be an antichain. Hence,

we use negation of a monotone function to obtain the set. See Figure 4.4 . We also

note here that, the function defined will not change as long as wt(w) < n/2.

Upper Bound: Suppose F1 shatters a set S such that |S| ≥
(
n
n/2

)
+ 2. We first obtain

certain properties that S cannot have through the following lemma. We define two

properties first.

A setH is said to have parallel chain property, when there are elements p, p′, q, q′ ∈

H such that all of them are distinct and p � p′ and q � q′. A set H is said to have triplet
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chain property, when there are elements p, q, r ∈ S , all distinct, such that p � q � r.

See Figure 4.1 for a pictorial view.

Lemma 4.1.5. F1 cannot shatter a set S if it has either of the parallel chain or triplet

chain properties.

Proof. For parallel chain, without loss of generality let us suppose that p � p′ and q � q′

and all the elements are in S. Suppose S ′ = {p′, q}. Now, any monotone function which

evaluates to 1 on q will also evaluate to 1 on q′. Similarly, any monotonically decreasing

function which evaluates to 1 on p′, will also evaluate to 1 on p. Thus, there does not

exist a function g ∈ F1 such that g ∩ S = S ′. See Figure 4.2.

For triplet chain, suppose p, q, r ∈ S such that p � q � r. Consider the set

S ′ = {p, r}. We observe that there does not exist a function f ∈ F1 such that it is true

on p and r and evaluates to false on q. Hence S cannot be shattered. See Figure 4.2

Figure 4.1: Parallel and Triplet Chain Figure 4.2: Shattering Parallel and Triplet
Chain

Now we claim that set S which is shattered must be a disjoint union of at most 2

maximal antichains. To see this, suppose S = S1]S2]S3 such that the sets are maximal

antichain. Without loss of generality, consider an element p ∈ S1. Now there exists

a point q ∈ S2 such that p and q are comparable (otherwise they will be in the same

set). Now if this is the case then neither p nor q can be related to any point in S3 as

it will either form a chain length of 3 i.e. p ≺ q ≺ r(triplet chain) or parallel chains

because of which the set S cannot be shattered (see Lemma 4.1.5). Now if p and q are

not comparable to any element in S3 then we can have a larger antichain by including

either p or q in the set S3 which contradicts the maximality of antichain set S3. The same
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argument can be given for each of the sets. Hence set S can be disjoint union of at most

2 maximal antichains.

We now conclude that there must be S = S1]S2 where S1, S2 are maximal antichains

i.e. no elements from S1 can be put into S2 and vice versa. This is because |S| ≥
(
n
n/2

)
+2

and the largest antichain set can be of size
(
n
n/2

)
. Using Lemma 4.1.5 again, we have

that S does not have either parallel chain or triplet chain property. But due to this, we

can contradict the maximality of set S1 in the following way. Consider two elements

p′, q′ ∈ S2. If S didn’t have any parallel or triplet chain, then it means that p′, q′ don’t

have any comparable elements in S1 and hence they can be brought inside S1 which

contradicts the fact that S1 was maximal. In a similar way, we can argue that S2 was

not maximal if there are no parallel or triplet chain property in S. Thus, S must have a

parallel or triplet chain property.

Figure 4.3: Monotone function Figure 4.4: Negation of Monotone function

4.2 Bounds for VC-dimension in terms of alt(f )

In this section, we derive VC-dimension bounds for families of Boolean functions,

parameterized by the maximum alternation of functions in the family.

Upper Bound : We need the following known lemma.

Lemma 4.2.1 (Blais et al. (2015)). Let f : {0, 1}n → {0, 1} . Then there exists

37



k = alt(f) monotone Boolean functions g1, . . . , gk each from {0, 1}n to {0, 1} such that

f(x) =

⊕
k
i=1gi , if f(0n) = 0

¬ ⊕ki=1 gi , if f(0n) = 1

We use this lemma to establish the following upper bound:

Theorem 4.2.2. Let k > 1. If Fk is the family of Boolean functions f such that

alt(f) ≤ k. Then, VC(Fk) ≤ O
(
k
(
n
n/2

)
log k

)
.

Proof. We apply Lemma 4.2.1 to conclude that Fk can be equivalently written as

Fk =
{
⊕ki=1fi | fi ∈M and ⊕ki=1 fi(0

n) = 0
}⋃

{
¬ ⊕ki=1 fi | fi ∈M and ¬ ⊕ki=1 fi(0

n) = 1
}

whereM is the family of Monotone Boolean functions. We look at a family

G =
{
f ⊕ g | f = ⊕ki=1fi, fi ∈M, g(x) = 1 if f(0n) = 1 and g(x) = 0 if f(0n) = 0

}
Observe that, Fk ⊆ G and hence VC(Fk) ≤ VC(G). We turn to the following lemma to

show an upper bound in general for such constructed families. Given k classes of n-bit

Boolean functions F1,F2 . . . ,Fk, and a fixed Boolean function f : {0, 1}k → {0, 1}.

We define

F(F1,F2, . . . ,Fk) = {f(f1(), ..., fk()) | fi ∈ Fi, i ∈ [k]}

where same inputs are being fed to all the fi’s. To understand this family better, consider

a function g : {0, 1}n → {0, 1} in the family F(F1,F2, . . . ,Fk). We have, ∀x ∈

{0, 1}n, g(x) = f(f1(x), f2(x), . . . , fk(x)). We have the following lemma,

Lemma 4.2.3 (Blumer et al. (1989); Haussler and Welzl (1987); Sontag (1998)). Let

d = maxi∈[k](VC(Fi)). VC(F(F1, . . . ,Fk)) ≤ O(dk log k)

Observe that, each member of the family G is parity (⊕) of k + 1 monotone Boolean

functions. Thus applying this lemma, we obtain for the above family VC(Fk) ≤

O
(
k
(
n
n/2

)
log k

)
.
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For small values of alternation k, the above bound is almost in range with the lower

bound of VC-dimension of such families as we will see in the later part of this chapter.

However, for large values k, the bound is not sharp. For k = n, the upper bound is

approximately O(n
(
n
n/2

)
log n) which is much larger than the entire universe size 2n. We

now will see another approach to further improve the upper bound in the below theorem.

Theorem 4.2.4. Let k > 1. If Fk is the family of Boolean functions f such that

alt(f) ≤ k. Then, VC(Fk) ≤ O
(
k
(
n
n/2

))
.

Proof. Similar to Theorem 4.2.2, we apply Lemma 4.2.1 to conclude that Fk can be

equivalently written as Fk =
{

(¬ ⊕ or )⊕ki=1 fi | fi ∈M
}

whereM is the family of

Monotone Boolean functions. We look at a family,

G =
{
f ⊕ g | f = ⊕ki=1fi, fi ∈M, g = const

}
where g(x) = 1 if f(0n) = 1 and g(x) = 0 if f(0n) = 0. Observe that, Fk ⊆ G

and hence VC(Fk) ≤ VC(G). The idea is simple counting : we have |G| ≤ |M|k+1.

We know that VC(G) ≤ log(|G|), which gives us VC(G) ≤ (k + 1) log(|M|). This

bound is the Dedekind’s number and we use the following bound due to Kleitman

and Markowsky (1975) : log(|M|) ≤
(
n
n/2

) (
1 +O( logn

n
)
)
. This gives, VC(Fk) ≤

(k + 1)
(
n
n/2

) (
1 +O

(
logn
n

))
Hence, we have VC(Fk) ≤ O(k

(
n
n/2

)
).

Lower Bound : Now we turn to the lower bound. We have seen the VC-dimension

bound for k = 1 ( Theorem 4.1.4 ). Before generalizing to any k, we look at k = 2.

Define the family F2 as the family of Boolean functions with alternation at most 2.

F2 = {f : {0, 1}n → {0, 1} | alt(f) ≤ 2)}

As a first attempt, we apply Theorem 3.4.3, to obtain a bound on the VC-dimension

of the family F2. Using Lemma 4.2.1, we have that F2 can be equivalently written as

M4M whereM denotes family of Monotone Boolean functions. Suppose VC(F2) ≤

d′, then from Theorem 3.4.3 we have |M| ≤ 2
∑d′/2

i=0

(
2n

i

)
. We also know that |M| ≥
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2( n
n/2) (no. of monotone Boolean functions). We have,

|M| ≤ 2

d′/2∑
i=0

(
2n

i

)

≤ 2.

(
2e2n

d′

)d′/2
, using

(
n

k

)
≤
(en
k

)k
⇒ log(|M|) ≤ d′n+ 1

We know that log(|M|) ≥
(
n
n/2

)
. From this we obtain that VC(F2) ≥ 1

n

((
n
n/2

)
− 1
)

.

However, using the fact that for any k ≥ 1, the family Fk also includes the set

of monotone functions M, the VC-dimension(Fk) ≥ VC-dimension(M). Hence

VC-dimension(Fk) ≥
(
n
n/2

)
. Thus this method gives much weaker lower bound. We

will further improve this in the below theorem:

Theorem 4.2.5. Let k > 1. If Fk is the family of Boolean functions f such that

alt(f) ≤ k. Then, VC(Fk) ≥
∑n/2+k/2

i=n/2−k/2
(
n
i

)
Proof. We shatter the set

S =

{
x ∈ {0, 1}n | n/2− k/2 ≤

n∑
i=1

xi ≤ n/2 + k/2

}

To obtain any S ′ ⊆ S, we give f ∈ Fk such that f(x) = 1 whenever x ∈ S ′ and

f(x) = 0 otherwise. It remains to show that alt(f) ≤ k. Since wt(x) for x ∈ S ′ can

only be in the range [n/2−k/2, n/2+k/2], any chain in this part will have alternation at

most k and in the remaining part 0. Hence we obtain all S ′ ⊆ S. We show the shattered

set pictorially in Figure 4.5.

VC-dimension of Read-once functions: A Boolean function is said to be read-once if

there is a Formula (a Boolean circuit where every gate has fanout at most 1) computing

the function f such that every variable appears only once in the formula. Monotone

read-once functions have no negations in the formula computing the function. The

following lemma motivates the study of VC-dimension under composition between

read-once functions and functions with alternation at most 1.
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Figure 4.5: Shattered set for alt-k family

Lemma 4.2.6. Let f : {0, 1}n → {0, 1} such that alt(f) ≤ k. Then f = g(f1, f2, . . . , fk)

where g is a monotone-Read Once formula and fi ∈ F1 where F1 is the family of func-

tions with alternation at most 1.

Proof. Let f : {0, 1}n → {0, 1} such that alt(f) ≤ k. We first show this for case when

k is even.

Due to the alternation characterization in Lemma 4.2.1, we have

f =
k⊕
i=1

fi =

k/2⊕
i=1

(f2i−1 ⊕ f2i)

=

k/2⊕
i=1

(¬ f2i−1 ∧ f2i) ∨ (f2i−1 ∧ ¬ f2i)

It can be observed from the construction in Blais et al. (2015) that fi → fi+1. Using this

we have that fi ∧ ¬fi+1 always evaluates to 0. Thus,

f =

k/2∨
i=1

(¬ f2i−1 ∧ f2i)

Now we show the case when k is odd.
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Due to the alternation characterization in Lemma 4.2.1, we have

f =
k⊕
i=1

fi = (

(k−1)/2⊕
i=1

(f2i−1 ⊕ f2i))
⊕

fk

= (

(k−1)/2⊕
i=1

(¬ f2i−1 ∧ f2i) ∨ (f2i−1 ∧ ¬ f2i))
⊕

fk

= (

(k−1)/2∨
i=1

(¬ f2i−1 ∧ f2i))
⊕

fk ( using fi → fi+1)

=

(

(k−1)/2∨
i=1

(¬ f2i−1 ∧ f2i)) ∧ ¬fk

∨(¬
(k−1)/2∨
i=1

(¬ f2i−1 ∧ f2i)) ∧ fk


=

(

(k−1)/2∨
i=1

(¬ f2i−1 ∧ f2i ∧ ¬fk))

∨(¬
(k−1)/2∨
i=1

(¬ f2i−1 ∧ f2i)) ∧ fk


= (¬

(k−1)/2∨
i=1

(¬ f2i−1 ∧ f2i)) ∧ fk ( using f2i ∧ ¬fk = 0)

= fk ∧
(k−1)/2∧
i=1

(f2i−1 ∨ ¬f2i) ( using DeMorgan’s Law)

Hence, we obtained f =
∨k/2
i=1(¬ f2i−1 ∧ f2i) when k is even and f = fk ∧∧ k−1

2
i=1 (f2i−1 ∨ ¬f2i) when k is odd. Observe that in the formula each fi appears only

once and no negation in the formula is involved. Since fi’s are monotone, hence

fi,¬fi ∈ F1.

This gives us a motivation to study VC-dimension of monotone read-once functions

which could potentially be applied to improve the bound of alt-k family.

LetR = {f : {0, 1}n → {0, 1} | f is monotone read-once}. We prove the following

Proposition 4.2.7. n ≤ VC(R) ≤ O(n log n)

Proof. To see the lower bound a subclass of this family was studied in Natschläger and

Schmitt (1996) known as Monotone monomial whose VC-dimension is n. To see the

upper bound we will count all possible monotone read-once formulas on n-variables.

Claim 4.2.8. |R| = n!
(

2n
n

)
Proof. A formula is rooted binary tree such that all the internal nodes are ∧,∨ or¬. The
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number of full binary trees1 with n + 1 labeled leaves is
∏n

i=1(2i − 1) ( see Barnett

et al. (2010)). But in our case we also have to consider the two choices {∧,∨} for each

internal nodes. Hence we get |R| = 2n.
∏n

i=1(2i− 1) which gives |R| = n!
(

2n
n

)
.

Using the above claim we obtain, VC(R) ≤ log |R| = O(n log n).

We saw VC-dimension bounds of several classes of Boolean functions such as

Read-once, Monotone, Monomials etc. We also saw a general upper bound for VC-

dimension of k-closure of families and we improved the bound using decomposition of

a non-monotone function into monotone functions. But, the improvement is given for a

particular class of Boolean functions and hence, there are avenues to improve for more

such k-closures. We will now see an application of the VC-dimension of the family Fk.

4.3 Application to VC-dimension of k-fold Union

In this section, we show VC-dimension bound for a non-geometric family which is a

k-union. We also remark in the end that even if we restrict our family to have only

disjoint union of k functions, we obtain a VC-dimension bound of Ω(dk).

Lemma 4.3.1. Let F2k = {f : {0, 1}n → {0, 1} | alt(f) ≤ 2k}. Then this family is

same2 as G =
{⋃k

i=1 gi | gi : {0, 1}n → {0, 1}, alt(gi) ≤ 2
}

Proof. Let f ∈ F2k. Due to alternation characterization described in Lemma 4.2.1 we

have, f =
⊕2k

i=1 fi =
⊕k

i=1(¬ f2i−1 ∧ f2i) ∨ (f2i−1 ∧ ¬ f2i). It can be observed from

the construction of Blais et al. (2015), that fi → fi+1. Now using this fact we obtain

f =
∨k
i=1(¬ f2i−1 ∧ f2i) =

∨k
i=1 gi such that alt(gi) ≤ 2. In fact something stronger is

true - we argue that f is the disjoint union of k sets.

Claim 4.3.2. Let f : {0, 1}n → {0, 1} and alt(f) ≤ 2k. Then f = ]ki=1gi i.e. disjoint

union of k sets.

Proof. From the proof of Lemma 4.2.6 we have, f =
∨k
i=1(¬ f2i−1 ∧ f2i). Let gi =

(¬ f2i−1 ∧ f2i). We will show that g1 and g2 are disjoint which will be applicable for all

1A binary tree where each node has either 0 or 2 children.
2Under the interpretation of the sets in the system as f−1(1) for Boolean functions, ∨ and ∪ are used

interchangeably.
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i, j ∈ [k].

Suppose for x ∈ {0, 1}n, g1(x) = 1⇒ f1(x) = 0, f2(x) = 1. To show a contradiction,

suppose g2(x) = 1 which implies that f3(x) = 0, f4(x) = 1. We also have fi → fi+1.

We obtained f2(x) = 1 but f3(x) = 0 which contradicts fi → fi+1. Hence g1 and g2 are

disjoint.

Now we need to argue the reverse direction. We have a Boolean function g :

{0, 1}n → {0, 1}, g =
∨
gi where gi : {0, 1}n → {0, 1} and alt(gi) ≤ 2. We need

to show that alt(g) ≤ 2k. We use the property that alt(g1 ∨ g2) ≤ alt(g1) + alt(g2)

iteratively to conclude that alt(g) ≤ 2k which we prove in the claim below.

Claim 4.3.3. Let g1 : {0, 1}n → {0, 1} and g2 : {0, 1}n → {0, 1} with alt(g1) = k1 and

alt(g2) = k2. Then alt(g1 ∨ g2) ≤ k1 + k2.

Proof. Suppose on the Boolean hypercube, x, y ∈ {0, 1}n, x � y and they differ exactly

at one bit. Then we will say (x, y) forms an edge. Now we say (x, y) is monochromatic

when function f(x) = f(y) and bichromatic when f(x) 6= f(y). Clearly for any

function f : {0, 1}n → {0, 1} with alt(f) ≤ k, there are at most k-bichromatic edges

on any chain and vice versa. Now we count the number of bichromatic edges on any

chain of g1 ∨ g2. Suppose on some chain in g1, there is a monochromatic edge with

g1(x) = g1(y) = 1 then this edge will stay monochromatic even after OR with g2.

But if the edge (x, y) is monochromatic and g1(x) = g1(y) = 0 then they can become

bichromatic if they are ORed with a bichromatic edge. Hence the number of bichromatic

edges on any chain of g1 ∨ g2 can at most be increased by number of bichromatic edges

on any chain in g2. Hence alt(g1 ∨ g2) ≤ k1 + k2.

Theorem 4.3.4. Let F2 = {f : {0, 1}n → {0, 1} | alt(f) ≤ 2}. Consider the family

Fk∪ =
{⋃k

i=1 fi | fi ∈ F2

}
. For k ≤ Θ(

√
n), we have VC(Fk∪) = Θ(k

(
n
n/2

)
).

Proof. From Lemma 4.3.1, we have that the family Fk∪ can alternately be represented

as parity-composition of a family of monotone Boolean functions. So Fk∪ = F2k. We

conclude using Theorem 4.2.4 that VC(Fk∪) ≤ O(k
(
n
n/2

)
). From Theorem 4.2.5 we

have: VC(Fk∪) ≥
∑n/2+k

i=n/2−k
(
n
i

)
.
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n/2+k∑
i=n/2−k

(
n

i

)
=

(
n

n/2

)
+ 2

k∑
i=1

(
n

n/2 + i

)
Now we use the following bounds due to Spencer and Florescu (2014). When i is

o(n2/3), each summand in the second term is equal to
(
n
n/2

)
e−

2i2

n
+O(i3n−2). Hence for

i ≤ c
√
n, we obtain

(
n

n/2+i

)
= c1

(
n
n/2

)
, c1 > 0. Hence we obtain the lower bound as

n/2+k∑
i=n/2−k

(
n

i

)
= Ω(k

(
n

n/2

)
)

4.4 Extremal Properties of family of Monotone functions

Recall the discussion on shattering-extremality and related results in Section 3.4.2 . We

now show thatM (family of Monotone Boolean functions) exhibits shattering-extremal

property.

Proposition 4.4.1. M is s-extremal i.e. |Sh(M)| = |M|.

Proof. We show a bijection between the two sets Sh(M) andM. We first claim that

Sh(M) is exactly the set of antichains in the Boolean hypercube. To see this, we first

argue that Sh(M) does not contain non-antichains. For the sake of contradiction, let

S ∈ Sh(M) such that p, q ∈ S such that p � q. Consider the subset S ′ = {p} ⊆ S.

Observe that, for any f ∈ M, f(p) = 1 =⇒ f(q) = 1. Hence f ∩ S 6= S ′. This

contradicts the fact that S was shattered by the familyM. The familyM can shatter

all sets which are an antichains (see Procaccia and Rosenschein (2006)). Thus, Sh(M)

contains all the antichains of the Boolean hypercube. Hence the claim.

Now it suffices to argue that there is a bijection between set of monotone functions

M and set of antichains in the Boolean hypercube. This uses an idea from Kleitman and

Markowsky (1975) and we describe it below.

Let f : {0, 1}n → {0, 1} be a monotone Boolean function. We show how to obtain

the set A ⊆ {0, 1}n which is the antichain corresponding to the function f . First, obtain

the minimal monotone-DNF formula for f . The minimal monotone-DNF formula for
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a monotone function is unique (see Crama and Hammer (2011)). For each positive literal

appearing in a term of the formula, the corresponding bit will be set to 1 and the rest as

0. For example, a term x1 ∧ x2 in minimal monotone-DNF formula will correspond

to a string w = 110 . . . 0. Thus, each term in the formula will correspond to an element

in A. Observe that, in this construction if the monotone-DNF formula is not minimal,

then the set A will not be an antichain.

We will now argue the one-one relation between the function f and the corresponding

antichain A. Consider two monotone Boolean functions fi, fj such that fi 6= fj . Then,

their minimal monotone-DNF formula will differ in at least 1 term. Hence, their

corresponding antichain Ai, Aj will also differ as per our construction.

Using a similar reverse construction, for every antichain, we can obtain the minimal

monotone-DNF formula of the monotone Boolean function.

Mészáros and Rónyai (2013) conjectured the following about s-extremal families.

We restate it here and show that the conjecture holds for family of Monotone Boolean

functions.

Conjecture 4.4.2 (Mészáros and Rónyai (2013)). For an s-extremal family F , there

always exists a set F ∈ F such that F \ {F} is s-extremal.

There is an equivalent formulation of this conjecture due to the fact that a family

is s-extremal if and only if complement set of the family is s-extremal Bollobás and

Radcliffe (1995).

Conjecture 4.4.3 (Mészáros and Rónyai (2013)). For an s-extremal family F , there

always exists a set F /∈ F such that F ∪ {F} is s-extremal.

The conjecture has been showed to be true for families such as down-set family, s-

extremal family with VC-dimension 1 etc. and proved for any family with VC-dimension

at most 2 (see Mészáros and Rónyai (2013); Mészáros and Rónyai (2014)). We now

show that this conjecture holds for family of Monotone Boolean functions , whose

VC-dimension is very high. We demonstrate a Boolean function that can be removed

and another which can be added such that the resulting family is still s-extremal.
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Proposition 4.4.4. LetM be the family of Monotone Boolean functions and g : {0, 1}n →

{0, 1} is constant 1 function. ThenM\ {g} is s-extremal.

Proof. Upon the removal of the constant 1 function (∀x ∈ {0, 1}n, g(x) = 1), the

family will shatter one less set which is {0n}. It is because any monotone function which

is True on 0n input is also True on every other input by definition. This function is clearly

constant 1 function. Since we removed this, we cannot shatter {0n} anymore. All the

other shattered sets are intact.

Proposition 4.4.5. LetM be the family of Monotone Boolean functions. Then there

exists a g /∈M such thatM∪ {g} is also s-extremal.

Proof. Here is the function g : {0, 1}n → {0, 1}. Consider a string w ∈ {0, 1}n. We

equivalently denote the function g as gw because the function is parameterized by w.

gw(x) =

1, x = w and wt(w) = n− 1

0, otherwise

The alternation of the function gw is 2 and hence not in the family. Upon adding

this function, the family will additionally shatter one more set S = {w, 1n} , w ∈

{0, 1}n. Earlier, it was family of monotone Boolean function, it could only obtain

{φ, {1n} , {w, 1n}} but with the addition of gw all the 4 subsets can be obtained. Observe

that due to the peculiarity of the function gw which we added, no other sets get shattered.

Hence the family shatters exactly one extra set upon this addition. Also, observe that we

can repeat the process of adding a function n− 1 times in a similar way thus shattering a

new set each time.

4.5 Subspace VC-dimension

In this section, we study a more restricted version of VC-dimension which we call

Subspace VC-dimension or SVC where we shatter a subspace instead of a set.

From the definition of Subspace VC-dimension (Definition 2.1.6), we have the

following observation.

Observation 4.5.1. Let F be a family of Boolean functions. Then SVC(F) ≤ VC(F).
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Proof. Let SVC(F) = d and S be the shattered subspace. We can observe that the basis

vectors of the subspace S is shattered by F . Let T be the set shattered by F . The proof

follows from the fact that each basis vector of subspace in S corresponds to a subset of

T .

Similar to VC-dimension , one may want to see if Subspace VC-dimension bounds

lead to some sample complexity bounds for a learning algorithm. We remark that there

is no immediate connection with sample complexity bounds. We gave a brief sketch of

Theorem 3.2.1 and can observe that the argument breaks down if we insist the shattered

set to be a subspace.

We now show bounds on SVC for some well known families. LetM denote the

family of monotone Boolean functions. We show,

Proposition 4.5.2. SVC(M) = 0

Proof. It suffices to argue that SVC(M) < 1. Suppose we can shatter a subspace

S ⊆ {0, 1}n where dimension of S is at least 1. Without loss of generality, we can

assume that S = {0n, w1} which is of dimension 1. Consider the subspace {0n}. If we

require f ∩ S = {0n}, then we need f(0n) = 1. But since f is a monotone function, we

also have f(w1) = 1. Thus, SVC(M) < 1.

Define the class

F =

{
¬ ⊕
i∈S

xi | S ⊆ [n]

}
We call this class as family of parity.

Proposition 4.5.3. SVC(F) = 2

Proof. We will show the lower bound by shattering a subspace of dimension 2. Let

S = {0n + 0n−2.w | w ∈ {0, 1}2}. We obtain all the subspaces of S from the function

described below. We denote the right most bit of the n-bit string x by x1 and left most

by xn.

Subspace of S Function

{0n, 0n−2.01} ¬(x2 ⊕ x3)

{0n, 0n−2.10} ¬(x1 ⊕ x3)

{0n, 0n−2.11} ¬(x1 ⊕ x2)
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We will use the following relation to prove the upper bound. Let U, V be two subspaces

then the following relation holds.

dim(U ∩ V ) = dim(U) + dim(V )− dim(U + V ) (4.1)

where dim(U)-dimension of U . We refer the readers to the Linear Algebra textbook

by Axler (1997) for details of the proof.

Let us suppose, U be the subspace of dimension d shattered by the family. Consider

a function f in the family and a set V ⊆ {0, 1}n such that ∀x ∈ {0, 1}n, f(x) = 1⇔

x ∈ V .

We also observe that V forms a subspace and has dimension dim(V ) = n − 1

because f is of the form ¬ ⊕
i∈S

xi which can further be expressed in the form of a equation

⊕
i∈S
xi = 0.

Since, f is set of just 1 linear equation, the dimension of V is n− 1.

To show that U is shattered, we need for all subspaces U ′ ≤ U , ∃f ∈ F such that

f−1 ∩ U = U ′. Here on, we denote f−1 by V . Consider the subspace U ∩ V .

Using equation 4.1, we have,

dim(U ∩ V ) = d+ n− 1− dim(U + V )

⇒ d− 1 ≤ dim(U ∩ V ) ≤ n (0 ≤ dim(U + V ) ≤ n)

The above inequality says that for any V ∈ F , dim(U ∩ V ) ≥ d − 1. Thus we

will not be able to shatter the subspace U because @V ∈ F from which we can obtain

subspaces of U smaller than d− 1. Hence, we conclude that d ≤ 2.

We see Subspace VC-dimension of symmetric functions now.

Proposition 4.5.4. SVC(SYM) = blog(n+ 1)c.

Before proving this proposition, we will first look at the following claim below.
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Claim 4.5.5. Any subspace which can be shattered cannot have two vectors of the same

Hamming weight. This also implies that, the size of the largest subspace which can be

shattered is at most n+ 1.

Proof. Consider a subspace S which contains two elements w1 and w2 such that

wt(w1) = wt(w2). Consider the subspace S1 = {0n, w1}. Any symmetric function

which evaluates to 1 on w1, will also evaluate to 1 on w2. Thus, there does not exists

a symmetric function g such that g−1 ∩ S = S1. Hence, the subspace S cannot be

subspace-shattered. Thus, the largest shattered-subspace cannot have two vectors with

same weight.

Proof for Proposition 4.5.4. Lower Bound. We will show the lower bound by giving

the following subspace of dimension of blog(n+ 1)c. Consider a set S ⊆ {0, 1}n which

has the following properties.

• 0n ∈ S

• wt(x) = 2k, k ∈ [blog nc]

• ∀x, y ∈ S, x ∧ y = 0n

First, we want to remark that the set described above does exist. We include an

element x in S such that it follows the first two property and ∀y ∈ S, x ∧ y = 0n.

Clearly, we can see that every vectors in the set S has different weights. Hence for

any S ′ ≤ S , ∃f ∈ F such that f ∩ S = S ′ and this f is given by OR of symmetric

functions of all the different weights in S ′.

Upper Bound. From Claim 4.5.5, we know that largest possible set which can be

shattered cannot have two vectors of same weight. Hence the subspace can have at most

n + 1 vectors. Let d be the dimension of this largest subspace. Hence 2d ≤ (n + 1),

which gives d ≤ blog(n+ 1)c.

We now mention a motivation to further study the Subspace VC-dimension of

Boolean function families.

Recall the definition of CC0 and AC0 complexity classes in Chapter 2. It is widely

conjectured that the classes AC0 and CC0 are separate but have been a long-standing open
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problem. To show that the two classes of functions are different, consider the families

in each class. If we succeed to show that their subspace VC-dimension is different as

families, then that would separate these classes.
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CHAPTER 5

VC Dimension of a Boolean Function

In this Chapter, we study VC-dimension of a Boolean function (family interpreted as set

of characteristic vectors for the positive inputs of the function) defined in Definition 2.1.2

in Preliminaries (see Chapter 2). We prove VC-dimension bounds for several Boolean

functions including Monotone, k-slice, and Symmetric. We show connection between

VC(f) and Certificate Complexity of a Boolean function thus establishing relation with

other complexity measures of Boolean functions such as degree, sensitivity, Influence

etc. Note that our universe U = [n] and family F ⊆ 2U .

5.1 VC-dimension Bounds of Specific Boolean Functions

We begin with the following upper bound of VC-dimension of any Boolean function.

Proposition 5.1.1. For any Boolean function f , VC(f) ≤ n.

Proof. This follows from the general known property of the VC-dimension that VC(F) ≤

log(|F|). Indeed, the latter is because, if we have to shatter a set S of size k, we need to

have at least 2k (the number of subsets of S) many sets in F . Hence, a family F cannot

shatter a set of size more than log(|F|) and it implies that VC-dimension(F) ≤ log(|F|).

In the above setting, |F| ≤ 2n and the bound follows.

Are there Boolean functions where the VC-dimension(f) is equal to n? Yes, the

trivial function f where it is constant 1 always. Are there functions where VC(f) = 0?

Yes, Boolean functions where there is at most one input x ∈ {0, 1}n where f(x) = 1

have VC(f) = 0.

We first show VC-dimension bound of THRESHOLD function denoted by THkn. Recall

that, THkn function evaluates to 1 if and only if weight of the input is at least k.

Proposition 5.1.2. VC(THkn) = n− k.



Proof. We will show the lower bound by describing a set S of size n − k which is

shattered by F . Consider S = {1, 2, . . . n− k}. Let S ′ be any subset of S. We have to

find F such that S ∩ F = S ′. Define :

F = S ′ ∪W, where W = {n− k + 1, n− k + 2, . . . n}

Observe that |F | ≥ k and hence, F ∈ F . By construction, W ∩ S = φ and hence,

F ∩S = S ′. Observe that any set of size n− k can be shattered by the family THkn. Now

we will show VC(THkn) ≤ n− k. We need to show that none of the sets S of size more

than n− k can be shattered. Let S be such a set. We show that S cannot be shattered by

exhibiting a subset S ′ that cannot be obtained as S ∩ F for any F ∈ F . We now prove

this by contradiction. Suppose size of S is n− k + 1 and S ′ = φ. Let F ∈ F such that

S ∩ F = S ′. Since S ′ = φ , so F has no elements from S. Hence, |F | ≤ k − 1 which

contradicts the fact that F ∈ F as for all F ∈ F , |F | ≥ k.

We have the following immediate corollary about AND, OR and MAJORITY. AND is

exactly THnn, OR is TH1
n and MAJORITY is THdn/2en .

Corollary 5.1.3. VC(∨n) = n− 1, VC(∧n) = 0 and VC(MAJORITY) = bn/2c.

We see VC-dimension bound for PARITY function now.

Proposition 5.1.4. VC(⊕n) = n− 1

Proof. We will first see the upper bound VC(⊕n) ≤ n− 1. The PARITY function is

TRUE on 2n−1 assignments. Hence, the size of the concept class will be 2n−1. Hence,

from Proposition 3.3.2 , we conclude that VC(⊕n) ≤ n− 1. We now show the lower

bound VC(⊕n) ≥ n− 1 by showing that the family shatters a set S ⊆ U of size n− 1.

Without loss of generality, consider S = {1, 2, . . . , n− 1}. Let S ′ ⊆ S be any arbitrary

subset of S. We now find F ∈ F such that S ∩ F = S ′. Consider these 2 cases when

size of S ′ is odd or even.

Case 1 : |S ′| is odd. In this case F = S ′ because |S ′| is odd and hence, S ′ ∈ F . Hence,

F ∩ S = S ′.

Case 2 : |S ′| is even. In this case we have F = S ′ ∪ {n}. |S ′| is even but F is odd and

hence, F ∈ F . Hence, F ∩ S = S ′.
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We now give a trivial VC-dimension upper bound of a symmetric function.

Proposition 5.1.5. Let f : {0, 1}n → {0, 1} be a symmetric Boolean function that eval-

uates to 1 on a set of weights S = {w1, w2, . . . , wk}. Then VC(f) ≤ max1≤i≤k{wi}.

Proof. Observe that the family cannot shatter a set of size greater than wmax because all

the sets in the family is of size at most wmax. Hence, VC(f) ≤ wmax.

We now compute VC-dimension of a monotone function which is related to prime-

implicant of the function. An implicant of a function is a conjunction of literals1 such

that if the implicant is 1 then the function is 1. A prime-implicant is an implicant which

is not absorbed by another implicant i.e. removal of any literal from the prime implicant

should not give another implicant. Largest prime-implicant is the minimum number of

literals which upon setting to 1, the function evaluates to 1.

Theorem 5.1.6. Let f : {0, 1}n → {0, 1} be a monotone function. Let k be the size of a

largest prime implicant of the function f then VC(f) = n− k.

Proof. Lower Bound: We prove the lower bound by shattering a set S ⊆ U of size

n− k. Suppose the largest prime implicant of f is k. A Boolean function f is monotone

if and only if there is a monotone circuit2 computing the function. Thus, the minimal

DNF-form of the function f has only positive literals. Hence, the prime implicant is

of the form (xi1 ∧ . . . ∧ xik). Clearly the set {i1, . . . , ik} ∈ F where ij ∈ [n]. The set

which will be shattered is, S = U \ {i1, . . . , ik}. To obtain any subset S ′ ⊆ S, we give

F such that F ∩ S = S ′ is as follows:-

F = S ′
⋃
{i1, . . . , ik}

It can be observed that F ∈ F as the function f is a monotone Boolean function. So all

the supersets of the set {i1, . . . , ik} will be in the family because prime implicant is the

minimum number of literals which upon setting to 1 makes the function evaluate to 1.

Hence, we shattered a set S of size n− k.
1A literal is a variable in positive (xi) or negative form (xi)
2A circuit with only ∧ and ∨ gates.
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Upper Bound : We show the upper bound by showing that no set of size greater than

n − k can be shattered. Suppose, the set S ⊆ U be of size n − k + 1. To obtain

the empty set from the shattering of the set S, we need some F ⊆ U \ S. Clearly

|F | ≤ n − (n − k + 1) = k − 1. But we know all the sets in the family F has size at

least k because largest prime implicant is of size k. Hence, no set of size greater than

n− k can be shattered.

Since k-slice functions are also monotone Boolean function, and largest implicant is

of size k, we have the following immediate corollary from Theorem 5.1.6.

Corollary 5.1.7. VC(k-slice) = n− k.

5.2 Shattering-Extremal Boolean functions

Let f : {0, 1}n → {0, 1} be a Boolean function and F be the corresponding family as

defined in Chapter 2. We look at s-extremal family in this setting. Here is an explicit

s-extremal family.

Proposition 5.2.1. Let THkn be a Threshold Boolean function. THkn is s-extremal.

Proof. For a Threshold Boolean function, |f−1(1)| =
∑n

i=k

(
n
i

)
=
∑n−k

i=0

(
n
i

)
. The set

of shattered sets by THkn are all sets of size n− k as seen in Proposition 5.1.2. Hence,

|Sh(f)| =
∑n−k

i=0

(
n
i

)
which gives |Sh(f)| = |f−1(1)|.

The above proposition generalizes a number of s-extremal family such as AND, OR,

MAJ etc. Here is another example of s-extremal family.

Proposition 5.2.2. Let f : {0, 1}n → {0, 1} be a negation of a monotone Boolean

function. The family F corresponding to f is s-extremal.

Proof. The family F corresponding to f is a subset closed family. Thus, for any set

S ∈ F , ∀S ′ ⊆ S,∃F ∈ F such that F ∩ S = S ′. Hence all the sets present in the

family can be shattered. Also observe that, any set G which is not present in the family

F cannot be shattered because @F ∈ F such that F ∩ G = G. Hence the number of

shattered sets is exactly equal to the size of the family.
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5.2.1 Strong Shattering Complexity of Boolean Functions

Recall the definition of 1-certificate from section 2.2. Interpreting strong shattering in the

context of functions, we say that S ⊆ [n] is strongly shattered if there is a 1-certificate

of f which does not set any variable in S. Thus, if the function strongly-shatter a set of

size d, then there is a 1-certificate of size n− d. Conversely, if there is a 1-certificate of

size at most n− d, then we can strongly shatter a set of size d. This gives the following

relation:

Proposition 5.2.3. For any Boolean function f , the 1-certificate complexity (denoted by

C1(f)) and the strong shattering dimension (say VCs(f)) satisfy:

C1(f) + VCs(f) ≥ n

Using C(f) ≥ C1(f) and VC(f) ≥ VCs(f) we have,

Proposition 5.2.4. For any Boolean function f , the certificate complexity (denoted by

C(f)) and the VC(f):

C(f) + VC(f) ≥ n

The above Proposition 5.2.4 establishes a connection between VC-dimension and

certificate complexity of a function, thus establishing a connection with all other mea-

sures of a Boolean function described in Table 3.1. We now show another application to

give a lower bound on the degree of a monotone function. From Proposition 5.2.4 and

Theorem 5.1.6 , we can derive that for a monotone Boolean function f , C(f) ≥ k where

k is the largest prime implicant . Using this fact and C(f) ≤ deg(f)3 by Midrijanis

(2004), we have the following immediate corollary.

Corollary 5.2.5. For any monotone function f : {0, 1}n → {0, 1}, we have deg(f) ≥

k
1
3 where k is the size of largest prime-implicant.

5.2.2 Extremal Family with VC-dimension at most 1

Let F be an s-extremal family. Let GF be the inclusion graph corresponding to a family

F . Recall that, an inclusion graphGF for a familyF is defined as a graph whose vertices

are all the sets in F and there is a directed edge from S to T (S 6= T ), labelled with
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j ∈ [n] when T = S ∪ {j}. The inclusion graph is indeed a subgraph of the Boolean

Hypercube.The following characterization is known.

Theorem 5.2.6 (Mészáros and Rónyai (2013)). A family F is s-extremal and of VC-

dimension at most 1 if and only if GF is a tree and all labels on the edges are distinct.

We have the following interesting proposition for average sensitivity of such families

by interpreting the family as a Boolean function.

Proposition 5.2.7. Let F be an s-extremal family with VC-dimension at most 1. Then

average sensitivity of such functions is at least n(1− 2
2n

).

Proof. We have from Theorem 5.2.6 that graph GF is a tree with distinct edge labels.

We calculate the influence of ith index in the following two cases.

Case 1 When i is one of the labelled edges in the graph GF , then f(x) = f(x⊕i). Thus,

Infi(f) = 1− 2
2n

because two endpoints of this edge is not sensitive at ith index.

Case 2 When i is not one of the labelled edges of the graph GF , then f(x) 6= f(x⊕i).

Thus, Infi(f) = 1.

Hence, average sensitivity (also known as total influence) is at least n(1− 2
2n

).

5.3 Complexity of Computing VC-dimension

In this section, we look at the complexity of computing VC-dimension of a function. In

Schaefer’s definition (Schafer (1996)), the problem is shown to be Σp
3-complete. Matrix

VC-dimension i.e. family represented as incidence matrix, is shown to be LOGNP-

complete by Papadimitriou and Yannakakis (1996). We define the decision version of

the problem in the characteristic-vectors definition first.

Definition 5.3.1 (VCD). Given a circuit C and a positive integer k, decide if the

VC-dimension of the function computed by the circuit is at least k or not.

Proposition 5.3.2. VCD ∈ Σp
3
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Proof. Consider we have been given a circuit C and a number k. The computation is to

find whether the VC-dimension is at least k or not. Here is the characterization, which

shows that VCD is in Σp
3.

VC(C) ≥ k ⇔ (∃i1, i2, . . . ik ∈ U)

(∀x ∈ {0, 1}k)(∃F ∈ F)

(∀j ∈ {1, . . . k}) (xF ∧ xS[ij] = x[j])

Proposition 5.3.3. VCD is NP-hard.

Proof. Consider a formula φ on n variables. We reduce SAT to VCD. We show that, φ ∈

SAT ⇐⇒ VC(φ′) ≥ n
logn

. The formula after reduction is φ′ = φ ∧ (xn+1 ∨ . . . ∨ x2n).

To see the correctness of the reduction, observe that whenever φ is satisfiable then there

will be at least 2n − 1 satisfying assignments for φ′. Hence, from the lower bound

argument ( see Proposition 3.3.4 ), VC-dimension(φ′) ≥ n
logn

. If φ is not satisfiable then

VC-dimension of the function given by φ′ will be 0. Hence, VCD is NP-hard.

Definition 5.3.4 (monotone-VCD). Given a circuit C which has only ∧ and ∨ gates and

a positive integer k, decide if the VC-dimension of the function computed by the circuit

is at least k or not.

Theorem 5.3.5. monotone-VCD is NP-complete.

Proof. From Theorem 5.1.6, it can be concluded that problem of finding VC-dimension

of a monotone function f is equivalent to finding the largest prime-implicant of the

function f . Given a problem and a certificate set of k-variables, one can easily verify

whether the size of prime-implicant is k or not by setting those variables to 1 and

checking whether the function evaluates to 1 or not. Hence, the problem is in NP.

Manquinho et al. (1997) proves that the problem of finding prime-implicant size

of a monotone Boolean function is NP-hard. The result also appears in the textbook

by Nguyen (2005). Thus, monotone-VCD is NP-complete.

We were able to show that VC-dimension computation for a single Boolean function

is NP-hard but we gave a characterization to put the problem in Σp
3. We believe it to be
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hard for the class Σp
3. But, on the promise that the function is monotone, we were able

to show that the VC-dimension computation is NP-complete using the VC-dimension

bound of a monotone function.
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CHAPTER 6

Conclusion and Future Work

In this thesis, we studied several variants of VC-dimension , firstly for families of

Boolean functions in Chapter 4 and then for a single Boolean function in Chapter 5. Due

to its applicability in sample complexity bounds for any learning algorithm, we computed

VC-dimension of several families such as k-slice, Read-once, family of functions with

alternation 1 and generalized to alternation k family. Non-monotone Boolean functions

were a center of our main focus. We defined a family of non-monotone functions

parameterized with maximum alternation and computed an asymptotically matching

lower and upper bound of VC-dimension in Chapter 4. We gave an application of this

bound by giving a Ω(dk) bound for a k-union family. The construction of k-union

family is non-geometric and explicit. Family of k-union is a long-studied problem by

Blumer et al. (1989), Reyzin (2006) and Eisenstat and Angluin (2007). We also showed

s-extremal properties of Monotone family and verified Mészáros and Rónyai (2013)

conjecture for the same.

We then defined a family corresponding to a Boolean function based on its charac-

teristic vectors in Chapter 5 and computed VC-dimension of several functions such as

Monotone, k-slice, Symmetric etc. We gave a characterization to put the computational

problem of deciding the VC-dimension in Σp
3 and showed that it was NP-hard to com-

pute. There is no connection between VC-dimension and size or depth of the circuit

computing a function f as there exist small circuits with high VC-dimension as well as

low VC-dimension and vice-versa. But we showed its connection to a combinatorial

complexity measure of Boolean function called certificate complexity in Chapter 5.

For future directions, we leave the following questions for each of these variants to

ponder.

• We gave bounds for k-closure of families for k ≤ Θ(
√
n). A natural question is to

show unconditional bound for any values of k.

• We gave a VC-dimension bound for k-fold union family to beO(dk). Eisenstat and
Angluin (2007) gave a probabilistic construction of k-fold union family matching
the VC-dimension bound O(dk log k). Thus, an explicit and non-geometric bound
matching O(dk log k) remains to prove for a k-fold union family.



• For s-extremal family, apart from the Meszaros-Ronyai Conjecture, it will be
interesting to find more naturally occurring s-extremal families, and investigate
if this property can be used to improve Sauer-Shelah Lemma bound, bound on
Boolean closure of k families etc.

• On the learning front, Theorem 3.2.5 is a way to establish a bridge between VC-
dimension and Boolean function measures but we could not use it due to the
inherent behavior of the learning algorithms. As one can see from Theorem 3.2.1,
the bound is applicable for any learning algorithms with arbitrary distribution D
but Theorem 3.2.5 insists on using Uniform distribution. However, this definitely
gives a new avenue to try and possibly show interesting connections.

• VC-dimension of Boolean function has found applications in many areas as
described in Section 3.6. We gave one relation with certificate complexity. Its
connection with other circuit complexity measures is yet to be explored.

• All the 22n Boolean functions can be partitioned based on the family of sets they
shatter. For each Boolean function, Sh(f) which is the set of shattered sets,
is subset closed. Thus, Sh(f) can be interpreted as a negation of a monotone
function and each partition corresponds to a negation of a monotone function. For
all these partitions, it will be interesting to investigate the common traits shared by
the functions apart from VC-dimension and Interpolation degree.
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