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VAPNIK-CHERVONENKIS DIMENSION - [VC71]

m Let U be a universe and F C 2V,

m F is said to shatteraset SC U ifforall S’ C S, 3F € F, s.t.
SNF=5".
The VC-dimension of F is said to be the largest d, such that F
shatters a set S of size d.
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Properties

Suppose, F shatters a set S. Then,
m VC(F) > |S].
m |F| > 28
m F CG= VCF)<VC)
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Properties

Suppose, F shatters a set S. Then,

m VC(F) > |S]|.
m |F| > 25
m FCG= VC(F)<VCOG)

Example:

Amit Roy

mF= {{a}v{a’ b}’{av C}a{a7 b, C}’{C}}
m VC(F)=2
mS={bc}
m Projection of Son F: {SNF | F € F})

|_|]:(5) = {(;5) {b} ) {C} ) {b7 C} ) {C}}
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Family in Our Context

Universe U = {0,1}"
Hypothesis Class - F C 2V

Each concept F € F is a set of positive inputs for a Boolean
function f : {0,1}" — {0,1}
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Family in Our Context

Universe U = {0,1}"
Hypothesis Class - F C 2V
Each concept F € F is a set of positive inputs for a Boolean
function f : {0,1}" — {0,1}
Let F be a family then,
m VC(F) > % (From Sauer-Shelah Lemma)
m VC(F) < log(|F])
VC-dimension has connection to PAC-learnability. Any (¢, ¢)
VC(F)

learning algorithm must use ~— samples.
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Known Bounds

Function Family Upper Bound | Lower Bound | Remarks
Monotone Functions (%) (,7) [DPRO6]
Monomials n n [NS96]
Monotone Monomials n n [NS96]
DNFs with terms size k 0(n¥) Q(n¥) [EHKV89]
k-Decision Lists 0(n¥) Q(n*) [Riv87]
Symmetric Functions n+1 n+1 [EHKV89]

Table: Bounds on VC-dimension of Families of Functions
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What is the VC-dimension of family of non-monotone functions?
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What is the VC-dimension of family of non-monotone functions?

We will see now a measure of non-monotonicity called Alternation.
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Alternation

Monotone Boolean function
B x,yc{0,1}"wesay x Xy iff Vi x; < y;
B A function f is monotone if x <y implies f(x) < f(y)
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Alternation

Monotone Boolean function
B x,yc{0,1}"wesay x Xy iff Vi x; < y;
B A function f is monotone if x <y implies f(x) < f(y)

CHAIN

Amit Roy

1— 0 fiip
m A Chain is an increasing sequence

y! < y2... < yK in the boolean
hypercube.
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Alternation of a Boolean function
Let B, denote the n bit Boolean hypercube.
Consider a chain in By, y° <yt < - < y".

For a Boolean function f, alternation of f over a chain C of
By, denoted alt(f, C) is defined as
alt(f, C) = [{i | F(y"™') # f(y )y’GC,iE[n]}!
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Let B, denote the n bit Boolean hypercube.
Consider a chain in By, y° <yt < - < y".

For a Boolean function f, alternation of f over a chain C of
By, denoted alt(f, C) is defined as
alt(f, C) = [{i | F(y"™') # f(y )y’GC,iE[n]}{

alt(f) = max {alt(f,C)}
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Alternation of a Boolean function
Let B, denote the n bit Boolean hypercube.
Consider a chain in By, y° <yt < - < y".

For a Boolean function f, alternation of f over a chain C of
By, denoted alt(f, C) is defined as
alt(f, C) = [{i | F(y"™') # f(y )y’GC,iE[n]}!

alt(f) = max {alt(f,C)}

Note: Alternation of a non-constant Monotone Boolean function is
1.
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Our Result #1: Family of alternation 1

Define a family,
F1=A{f|alt(f) <1}

F1 has only two kinds of Boolean functions.

Amit Roy IIT Madras

9/33



Introduction
0000000e000000

Our Result #1: Family of alternation 1

Define a family,
F1=A{f|alt(f) <1}

F1 has only two kinds of Boolean functions.

f:{0,1}" — {0,1} is a monotone Boolean function
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Our Result #1: Family of alternation 1

Define a family,
F1=A{f|alt(f) <1}
F1 has only two kinds of Boolean functions.
f:{0,1}" — {0,1} is a monotone Boolean function

Negation of f: {0,1}" — {0,1} is a monotone Boolean
function

Amit Roy IIT Madras

9/33



Introduction
00000000e00000

Exact VC-dimension bound of F;

Let F1 = {f | alt(f) < 1}. Then, VC(F1) = (o) +1
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Exact VC-dimension bound of F;

Theorem
Let F1 = {f | alt(f) < 1}. Then, VC(F1) = (o) +1

Proof :
Largest Shattered Set,

S={xe{0,1}" | wt(x) = |n/2]} U {w}

such that wt(w) < n/2.
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Lower Bound

B We need to obtain all the S’ C S
using only monotone or negation of
1 monotone functions.

{o1o1o0)
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Lower Bound

B We need to obtain all the S’ C S
using only monotone or negation of

1 monotone functions.
B If S’ C S is an antichain. Then we
( 01010 > obtain the set using a monotone
function fs/.
0
fo=\V A
zeS’' zi=1
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Proof Contd.

0 WIfSCSandweS . Then we
obtain the set using negation of a
( oho1o > monotone function fs; as shown.
w o=/ \Vx
z€S’ zi=1
1
L]
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Upper Bound

Lemma

Any set S, |S| > (n72) + 2 will have either of the two properties.
m Parallel Chain
m Triplet Chain
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Upper Bound

Lemma

Any set S, |S| > (n72) + 2 will have either of the two properties.
m Parallel Chain
m Triplet Chain

3
w, W,
w, W,
Triplet
Parallel w

1
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Upper Bound

Lemma

JF1 cannot shatter a set if it has a Parallel or a Triplet Chain.
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Upper Bound

Lemma

JF1 cannot shatter a set if it has a Parallel or a Triplet Chain.

Proof:

B No f € F7 can obtain the subset
{wa, w3} and {w1, ws}

W,

Parallel
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Upper Bound

Lemma

JF1 cannot shatter a set if it has a Parallel or a Triplet Chain.

Proof:

B No f € F7 can obtain the subset
{wa, w3} and {w1, ws}
w Bl Any f € F1 will also get

1
Parallel {w2, w3, wa} or {wy, wa, ws}.
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W3
wz B No f € F; will be able to obtain
the subset {w,} and {wi, ws}.
Triplet
W,
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W3
C wz B No f € F; will be able to obtain
the subset {w,} and {wi, ws}.
Triplet
W,

m Hence largest shattered set is (n'/’z) + 1.
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Our Result #2: VC-dimension of Fj

Consider a family, F, = {f : {0,1}" — {0,1} | alt(f) < k}. What
is the VC-dimension of the family Fy?
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Lower Bound

Observe, M C Fy = VC(Fi) > Q((n,/12))'

Let k > 1. If Fi is the family of Boolean functions f such that

alt(f) < k. Then, VC(F) > S7/20K2 (7).

Amit Roy IIT Madras

17/33



Parameterized by alternation
0®000000000000

Lower Bound

Observe, M C Fy = VC(Fi) > Q((n,/12))'

Theorem

Let k > 1. If Fi is the family of Boolean functions f such that
alt(f) < k. Then, VC(Fi) > L7505, (7).
Proof :

W Shattered set is S = {x € {0,1}" | 2 — & < wt(x) < § +

NS
N>

}

Amit Roy
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Lower Bound

Observe, M C Fy = VC(Fi) > Q((n,/12))'

Theorem

Let k > 1. If Fi is the family of Boolean functions f such that
alt(f) < k. Then, VC(Fi) > L7505, (7).
Proof :
W Shattered set is S = {x € {0,1}" | 2 — £ < wt(x) <
BVYSCS 3IFeF,(SNF=Y5)

+

NS
N =

}

Amit Roy
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Lower Bound Proof

m Consider S’ C S. Define ,

1 if xe§
fsi(x) = ’
5/(x) {0 , otherwise

m We claim, alt(fs/) < k.
m Thus we obtainall S C S

Amit Roy IIT Madras
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Alternation Characterization

Characterization of Alternation [BCOT15

Let f:{0,1}" — {0,1} . Then there exists k = alt(f) monotone
functions gi, ..., gk each from {0,1}" to {0,1} such that

B8 if £(0") =0
) =9_""% o o
— @I':l 8i if f(O ) =1

Amit Roy IIT Madras
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First Upper Bound

Theorem [Son98, BEHW89, HW87

Given k families of Boolean functions Fi1, /> ..., Fk, and a fixed
Boolean function f : {0,1} — {0,1}. Define,

F(F1 Fasoo Fi) = {F(A(), - i) | i € Fiy i € [k]}
Let d = maxc(VC(Fi)). Then,

VC(F(Fi,...,F)) < O(dklog k)
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First Upper Bound

Theorem [Son98, BEHW89, HW87

Given k families of Boolean functions Fi1, /> ..., Fk, and a fixed
Boolean function f : {0,1} — {0,1}. Define,

F(F1, Foreos Fi) = {F(A(), -, (L)) | i € Fiy i € [K]}
Let d = maxc(VC(Fi)). Then,
VC(F(F1,-..,Fk)) < O(dklog k)
m Using the characterization and this Theorem we obtain
VC(Fi) < O(k(n'/’2) log k).
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Improved Upper Bound

Let kK > 1. If Fy is the family of Boolean functions f such that
alt(f) < k. Then, VC(F) < O (k(,},) )

Amit Roy IIT Madras
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Proof(Upper Bound)

Consider the family,
Gg= {f@g | f =k fi,icM,g= const}

where

1, irFon) =1
g(x)_{o, if £(0") =0

M is Monotone family.
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Proof(Upper Bound)

Consider the family,

G = {f@g\ f:@f-‘zlf;,f;e/\/l,g:const}

1, irFon) =1
g(X)_{o, if £(0") =0

where

M is Monotone family.

Family Fx C G and hence VC(Fi) < VC(G).
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Bounding VC-dimension G

1G] < | M|+
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Bounding VC-dimension G

1G] < | M|+

VC(G) < log([6]) = (k + 1) log(|M])
|M|- Dedekind’s Number !!

Due to Kleitman et al. [KM75]) :

log(|M]) < <n'/’2> <1+ 0('°§”)>
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Bounding VC-dimension G

1G] < | M|+

VC(G) < log([6]) = (k + 1) log(|M])
|M|- Dedekind’s Number !!

Due to Kleitman et al. [KM75]) :

log(|M]) < <n'/’2> <1+ 0('°§”)>

We get VC(Fx) < O(k(,7,))

Amit Roy IIT Madras

23/33



Parameterized by alternation
00000000e00000

VC(Fx) = O(k(,),))

For k = O(v/n), (,/2:4) = ©((,)2))- Using this we have,
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VC(Fx) = O(k(,),))

For k = O(v/n), (,/2:4) = ©((,)2))- Using this we have,

Corollary
Let Fi = {f | alt(f) < k}. For k < ©(y/n),
VC(Fi) = © (k(,0))-

Amit Roy IIT Madras
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Application to k-fold union

Consider a family F. Define FKY = {Ufle Ai | A € .7:}. How
large can the VC-dimension of this family be?
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Application to k-fold union

Consider a family F. Define FKY = {Ufle Ai | A € .7:}. How
large can the VC-dimension of this family be?

M Blumer et al [BEHW89] and Haussler and Welzl [HW87]
showed an upper bound of O(dk log k).
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Application to k-fold union

Consider a family F. Define FKY = {Ufle Ai | A € .7:}. How
large can the VC-dimension of this family be?

M Blumer et al [BEHW89] and Haussler and Welzl [HW87]
showed an upper bound of O(dk log k).

B Eisentat and Angluin [EAQ7] show existence of a geometric
family with VC-dimension at most d and the k-fold union has
VC-dimension at least Q(dk log k).

Amit Roy IIT Madras
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Our Result #3: Application to k-fold union

We give a construction of k-fold union family which is
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Our Result #3: Application to k-fold union

We give a construction of k-fold union family which is

m Explicit and non-geometric
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Our Result #3: Application to k-fold union

We give a construction of k-fold union family which is
m Explicit and non-geometric
m VC-dimension at least Q(dk)
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Our Result #3: Application to k-fold union

We give a construction of k-fold union family which is
m Explicit and non-geometric
m VC-dimension at least Q(dk)

m holds even when restricted to k-fold disjoint union

Amit Roy IIT Madras

26 /33



Parameterized by alternation
00000000000e00

Construction of k-fold union

We now construct the family for k-fold union bound.
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Construction of k-fold union

We now construct the family for k-fold union bound.

Let Fox = {f : {0,1}" — {0,1} | alt(f) < 2k}. Then this family is
same as G = {\/f-‘zlg,- | gi: {0,1}" — {0,1},alt(g;) < 2}
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Construction of k-fold union

We now construct the family for k-fold union bound.

Let Fox = {f : {0,1}" — {0,1} | alt(f) < 2k}. Then this family is
same as G = {\/f-‘zlg,- | gi: {0,1}" — {0,1},alt(g;) < 2}

If we prove this lemma and show VC(G) = @(k(n'/’2)). We are
done !!

Amit Roy IIT Madras
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Proof: F> C G

2k
alt(f) <2k = f=Pf (fie M)
i=1

-

Il
—

(= hi—1 A i)V (hic1 A )

I
<

Il
—

(= hi—1 A ) (using fi — fii1)

gi such that alt(g;) < 2.

»

Amit Roy IIT Madras

Il
—

28 /33



Parameterized by alternation

0000000000000 e

Lemma

Let g1 : {0,1}" — {0,1} and g» : {0,1}" — {0,1} with
alt(g1) = k1 and alt(g2) = k. Then alt(g1 V &) < ki + ko.

Amit Roy IIT Madras
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Shattering-Extremal Family

Let F be family and Sh(F) be the set of shattered sets by F.
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Shattering-Extremal Family

Let F be family and Sh(F) be the set of shattered sets by F.

Lemma [Sau72

For any family F, |Sh(F)| > |F]|.
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Shattering Extremal Family
€000

Shattering-Extremal Family

Let F be family and Sh(F) be the set of shattered sets by F.

Lemma [Sau72

For any family F, |Sh(F)| > |F]|.

A family is Shattering Extremal iff |Sh(F)| = |F]|.

Amit Roy IIT Madras
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Our Result #4: Extremal properties of Monotone family

Let M be the family of monotone Boolean functions. Then

|Sh(M)] = M|
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Our Result #4: Extremal properties of Monotone family

Proposition
Let M be the family of monotone Boolean functions. Then

|Sh(M)] = M|

Proof:
m Maximal Antichain <+ Monotone function

For each antichain, there is a unique Monotone function.
For each Monotone function , 3 a unique maximal antichain.
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Shattering Extremal Family
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Our Result #4: Extremal properties of Monotone family

Proposition

Let M be the family of monotone Boolean functions. Then

|Sh(M)] = M|

Proof:
m Maximal Antichain <+ Monotone function

For each antichain, there is a unique Monotone function.
For each Monotone function , 3 a unique maximal antichain.

m M can shatter any antichain set.
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Shattering Extremal Family
fo] Yole)

Our Result #4: Extremal properties of Monotone family

Proposition

Let M be the family of monotone Boolean functions. Then

|Sh(M)] = M|

Proof:
m Maximal Antichain <+ Monotone function

For each antichain, there is a unique Monotone function.
For each Monotone function , 3 a unique maximal antichain.

m M can shatter any antichain set.
m M| = [Sh(M)|
O]

Amit Roy IIT Madras
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Properties of s-Extremal families
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Properties of s-Extremal families

Problem (Meszaros-Ronyai Conjecture [MR13

For an s-extremal family F, does there always exist a set F € F
such that F \ {F} is still s-extremal?
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Properties of s-Extremal families

Problem (Meszaros-Ronyai Conjecture [MR13

For an s-extremal family F, does there always exist a set F € F
such that F \ {F} is still s-extremal?

Conjecture holds for

Subset closed family

Shattering extremal families with VC-dimension 1
We show that Meszaros-Ronyai Conjecture holds for Monotone
family.
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Properties of s-Extremal families

Problem (Meszaros-Ronyai Conjecture [MR13

For an s-extremal family F, does there always exist a set F € F
such that F \ {F} is still s-extremal?

Conjecture holds for

Subset closed family

Shattering extremal families with VC-dimension 1
We show that Meszaros-Ronyai Conjecture holds for Monotone
family.

m Remove the constant 1 function from family of Monotone

functions M.
m The family cannot shatter {0"} anymore. Why?
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Properties of s-Extremal families

Problem (Meszaros-Ronyai Conjecture [MR13

For an s-extremal family F, does there always exist a set F € F
such that F \ {F} is still s-extremal?

Conjecture holds for

Subset closed family

Shattering extremal families with VC-dimension 1
We show that Meszaros-Ronyai Conjecture holds for Monotone
family.

m Remove the constant 1 function from family of Monotone

functions M.
m The family cannot shatter {0"} anymore. Why?
m Thus |Sh(M\ g)| = M| — 1.

Amit Roy IIT Madras
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THOUGHTS AND QUESTIONS 7

THANKS
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